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CHAPTER 1 : INTRODUCTION 

Introduction. 
The subject of this thesis is the phenomenon called Linear 
Magnetoresistance (LMR). It constitutes one of the longer standing 
problems of Solid State physics: Kapitza first studied it extensively 
around 1929 but it still resists complete understanding today. This 
chapter describes the phenomenon itself and the various lines of though 
which are developed over the years to explain it. Our contribution, a 
model for LMR caused by Hall voltages due to thickness variations, will 
be the main subject of the other chapters. 
Magnetoresistanee (MR) and Linear Magnetoresistanee (LMR)• 
Kapitza made a systematic study of the change of electrical 
magnetoresistance of 55 different substances (metals and half-metals) 
throughout the periodic table in pulsed magnetic fields up to 30 Tesla. 
For all substances he found that the resistance in weak fields increases 
in proportion to the square of the magnetic field strength В and that in 
stronger fields a linear contribution sets in. Although the effect 
seems to be very general, the theoretical state of the art of the time 
(the otherwise very succesfull Sommerfeld theory of metals) offered no 
explanation for the quadratic rise nor for the linear term. 
Since that time the attainable temperature range has extended much 
furtner down to 0 K, the measurement techniques and instruments have 
become much more sensitive, big single crystals of materials became 
available both in very pure form and with very well controlled impurity 
content (semi-conductors). These circumstances produced a wealth of 
precise and detailed experimental data on transport properties in 
general and magnetoresistance m particular. The quadratic term m the 
MR proved not to behave the same in all metals: m some metals like 
cadmium the quadratic rise went on indefimtly up to the highest fields. 
In aluminum the quadratic rise leveled off leaving only the linear term 
in high field, except for a few special directions in single crystals. 
In single crystals of copper the quadratic terra was present most of the 
1 
time but depended strongly on the direction of the magnetic field with 
respect to the crystal axes. Also in single crystals contributions to 
the magnetoresistance were found which oscillated with magnetic field 
strength. 
The theory needed to understand these effects grew accordingly, as is 
testified for example by Zimans famous book about transport properties 
in solids from I960 . Concepts were developed like phonons (heat 
"particles", quantized lattice oscillations with which electrons can 
interact rather than with the lattice ions themselves) and Fermi 
surfaces (surfaces in the abstract quantum-mechanical wave vector space 
from which, among other things, the real-space path of an electron in a 
magnetic field can be determined by taking the cross section at right 
angles with the field direction). For free electrons the Fermi surface 
is a perfect sphere, so a free electron tracks a circle (or a spiral) in 
a magnetic field. But in a metal this sphere can be distorted and cut 
in pieces by the quantum-mechanics of the crystal lattice giving rise 
sometimes to fantastical shapes adequately named monsters. These can be 
bend so intricately that electrons traversing them sometimes behave like 
particles with opposite charge, the so-called holes. The existence of 
these positively charged holes explains the "wrong" sign of the Hall 
voltage in some metals. The Hall voltage is the voltage which builds up 
in a sample at right angles with the current to counteract the force of 
the magnetic field, the Lorentz force, on the charge carriers. The 
direction of the Lorentz force depends on the sign of the charge and so 
does the direction of the Hall voltage. 
For magnetoresistance the semi-classical Lifshitz-Azbel-Kaganoff 
(LAK) theory from 1956 was important: It explained the existence and 
the behaviour of the quadratic term from the new concepts. A fully 
quantum-mechanical treatment also yielded the oscillatory terms. Even a 
linear term can be constructed from quadratic and oscillatory 
contributions (see later). However, this was by far not the last word 
on the subject because LMR turned out to be produced by several more 
different mechanisms. More often than not a few of these act 
simultaneously and this makes the problem more interesting but also very 
confusing. Also, many more parameters are involved than the LAK-theory 
can account for. 
2 
Sample dependence of LMR. 
Experimentally, the magnitude of the LMR depends not only on the 
particular material under investigation and on the size and the 
orientation of the crystallites, but also on the presence of crystal 
imperfections, the chemical purity, gradients in charge carrier density 
or magnetic field strength, the sample shape and preparation, the 
surface roughness, the geometry of the measuring contacts and even on 
the method of measurement. To cover all these cases a number of 
theories have been developed which will be described shortly to outline 
the context of the results of this thesis. To do this efficiently, some 
of the jargon used in this field must be explained first. 
The Kohlerslope of the high-field transverse magnetoresistance of 
aluminum. 
What is the Kohlerslope, what is meant with high field, what is 
transverse magnetoresistance and why aluminum9 First high (and low) 
field. 
A magnetic field В is low when the product of cyclotron frequency ω 
(which indicates how fast an electron orbits the Fermi surface in a 
magnetic field and which is proportional to the field strength B) and 
relaxation time τ (indicating how much time electrons have before they 
are scattered by a phonon or imperfection and start tracking a new 
orbit) is smaller than 1 and high when ω τ > 1. When ω τ < 1 the path 
of the electrons between successive collisions is a little bit bent (it 
is only a small segment of an orbit) but the electrons behave more or 
less as if no magnetic field is present. When ω τ > 1 the electrons 
traverse one or more complete orbita between collisions which can alter 
their collective behaviour considerably. This is why ω τ = 1 makes sense 
as a dividing point between high and low field. 
3 
The idea that not В but ^ τ is a decisive parameter 13 extended 
further m the Kohier rule. This rule states that the relative change 
in magnetoresistance only depends on ^τ and not on
 ω
 (в) or 
τ (temperature and ^purity and imperfection content)"individually. But 
since also factors independent of ^ affect the LMH, the Kohier rule 
does not apply to it. Hoover, historically the magnitude of 
magnetoresistance is always given as the relative change of the 
resistance as a function of ^ and the slope of the M R in such a graph 
xs called the Kohlerslope. The Kohlerslope is usually indicated by the 
letter S, see Fig. 1. 
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In measuring magnetoresistance, the test current can flow either 
parallel with or perpendicular to the magnetic field lines. 
Correspondingly, the parallel case is called longitudinal, the 
perpendicular case transverse magnetoresistance. The theory for both 
cases is different and this thesis concentrates mainly on transverse LMR 
since that is what our calculations apply to. 
In polycrystalline aluminum, the quadratic term of the MR saturates 
for high magnetic fields, leaving only the linear term. So in aluminum 
the LMR is easier measurable as in for instance copper, where the 
quadratic term is more dominant. A further reason to use alominum is the 
fact that it is a so-called simple metal (having a nearly spherical 
Fermi surface) and it seems a good idea to understand these metals first 
before going to really complicated metals. 
To reach high values of ω τ we can raise ω or τ or both. Since ω is 
с с с 
proportional to В, an obvious way is to raise the magnetic field 
strength. The highest continuous fields today are about 30 Tesla 
(Kapitza used pulsed fields), as for instance at the Nijmegen high field 
laboratory, τ is determined mainly by the number of phonons, impurities 
and crystal imperfections with which the electrons can collide. To 
remove phonons we can lower the temperature with the aid of liquid 
helium to a few Kelvin. To get rid of chemical impurities we use 
refined materials. Aluminum for instance is commercially available in 6 
nines quality, which means 99·9999% pure. A good measure of this purity 
is the Residual Resistance Ratio (RRR), the ratio of τ (respectively 
resistivity) at room temperature and of τ (respectively resistivity) at 
liquid helium temperature. In 6-nines aluminum the RRR can reach values 
4 
of a few times 10 . To remove crystal faults, materials can be 
recrystallized by annealing them and avoiding mechanical strain 
afterwards. So to measure the high-field Kohier slope of aluminum we 
use high magnetic field strength, pure annealed aluminum and liquid 
helium temperatures. 
The mean free path I, the distance electrons can travel between 
collisions, can be a few tenths of a millimeter in these circumstances. 
If the dimensions of the sample are of that order electrons can collide 
more often with the sample walls than with other scatterers, giving rise 
5 
to what is called size effects. To avoid these, samples are used which 
are at least 1 millimeter in all directions, and usually more. This 
again had the consequence that the voltage differences to be measured 
were sometimes as small as a few nanovolt. This posed experimental 
difficulties which were solved however by the unexcelled Tekelec 
Airtronic Nanovoltmeter. 
We can now proceed to the description of the various theories about 
LMR. 
Inhomogeneities, open orbits and Hall voltages. 
In hindsight it is possible to divide the various causes of LMR 
described above in a few classes. One class is that of LMR made up from 
quadratic and/or oscillating terms by a clever averaging over 
crystallites with different crystal directions. The quadratic terms are 
determined by the precise form and population (holes and electrons) of 
the Fermi surface. A number of holes canceling partly the electron 
current gives rise to a quadratic term at low fields which vanishes in 
high fields, as in polycrystalline aluminum. Equal numbers of electrons 
and noles like in cadmium give a quadratic term persisting up to the 
highest field strength. If the Fermi surface is curved in such a way 
that an electron cannot return to its starting position, its orbit is 
called open (or extended if it can only return after a great number of 
relaxation times). These orbits cause quadratic behaviour if the 
magnetic field is directed m such a way that the conduction electrons 
are forced to follow them. Open orbits are responsible for the 
behaviour of copper for instance. Additional open orbits can originate 
from the distorting effect of strong magnetic fields on the Fermi 
surface. This is called magnetic breakdown and brings about more 
quadratic terms in the magnetoresistance but again only for certain 
directions of the magnetic field and only m some materials. In 
aluminum for instance a narrow band of magnetic-breakdown induced open 
orbits exists if the magnetic field is directed along one of the main 
4 
axes of a single crystal. The charge density waves of Overhauser 
6 
distort the Fermi surface by lowering the ground state energy of the 
electrons and can thus be the source of still more open orbits. A 
complicating factor is that all open orbits must eventually break down 
again into free electron-like closed orbits if the magnetic field 
5 
strength is raised even higher . The field strength required for this 
to happen may be unattainably high in existing magnet systems but 
theoretically the MR saturates for infinite field strength. If the 
quantization of the electron orbits in a magnetic field is taken into 
account (Landau levels) then oscillating terms arise in the 
magnetization (de Haas-van Alphen effect) and in most transport 
properties. The reason that Kapitza for instance didn't notice them is 
that they occur clearly only in single crystals of high purity at very 
low temperatures. The study of these oscillations has become an 
important field of research because they contain valuable information 
about the Fermi surface and related topics such as magnetic breakdown. 
For a survey, see Ref. 5· In chapter i these matters are studied a bit 
further in connection with quantum oscillations in the thermopower 
(electrical voltage difference induced by thermal current) in aluminum. 
However, these mechanisms do not account for the dependence of LKR on 
some of the other parameters. 
Most of these other parameters can be put into another class: LMri 
caused by inhomogeneities. These can be of many kinds but an important 
criterion proves to be the dimensions of the inhomogeneities with 
respect to the mean free path (the distance electrons can travel between 
collisions) and with respect to sample size. The first group are 
inhomogeneities which are smaller then the mean free path: impurities 
and crystal defects, isolated or in small clusters. According to 
Landauer point defects should not contribute to the LMR but his 
arguments contain some severe restrictions. An experimental indication 
that small inhomogeneities do have influence on the LMR is the fact that 
the Kohier slope changes when the number of small defects is reduced by 
annealing. This whole matter is still a little bit unclear but the LMR 
involved is mostly only a small part of the total measured LMR. Next 
come inhomogeneities with the size of the mean free path or greater, but 
smaller than the dimensions of the sample. These comprise big clusters 
7 
of impurities or crystal defects, voids, artificial inclusions like 
small glass or superconducting spheres, regions of different charge 
carrier density in semiconductors, or small surface 
7 8 9 10 irregularities ' ' ' . They increase the (magneto)resistance by 
temporarily trapping electrons and/or obstructing their path. Then 
there is the last group: Inhoraogeneities whose dimension parallel to the 
Hall field is comparable to the sample size along the same direction. 
This situation is different because these inhoraogeneities produce 
changes in Hall voltage which can no longer be neglected. 
This thesis combines old (but alas sometimes newly invented) ideas 
from the LMR field and a few new ones into a coherent description of LMR 
due to changes in Hall voltage. In our experiments the Hall voltage 
differences are produced by changes in sample thickness but the theory 
is equally applicable to variations m magnetic field strength, 
gradients of charge carrier density or Hall constant and suitably 
extended voids, inclusions and surface deformations. 
One old idea is that the forn of the sample and the geometry of the 
11 12 
measuring contacts can cause increased magnetoresistance ' . But this 
was considered as something artificial to be avoided by proper 
geometries of samples and contacts. It led to the use of electrodeless 
13 
methods such as helicon and induced torque measurements for 
1 4 determining MR. But Lass showed that even very small deviations from 
sphericity of the samples used in the torque method lead to a sizeable 
LMR. That this LMR is in some way analogous to the LMR caused by the 
sample thickness variations in our four-point DC measurements was only 
realised afterwards since mathematically and experimentally they are 
very different. Herring did extensive calculations on the effect of 
random inhoraogeneities on magnetoresistance. But in his treatment of 
macroscopic regions of different Hall constant (stratified medium 
theory) he assumes the Hall voltages to be constant, and from our 
measurements this proves to be wrong. Bate, Bell and Beer ' studied 
gradients in charge carrier density in semiconductors. Not until P. 
Wyder and J. van Haaren did LMR measurements on GaAs we found that a 
part of our mathematics was already done by Bate and Beer. But Bate cs 
had no clear idea how to extract the true dissipation from their 
8 
calculations and measurements. Furthermore, our analytic solution of the 
problem of a step-like variation is superior to their series solution, 
due to the very drastic current distortion which is needed to match 
properly solutions in neighbouring regions. It was also known that 
voids and inclusions cause LMR. In fact, in our lab measurements are 
done to check the predictions of Sampsell and Garland and of Stroud and 
1 я 
Pan . However, in chapter II of this thesis it is shown that void 
calculations applied to our geometries predict a too small LMR. The 
reason is that the Hall voltage cannot be neglected in our case. 
Eventually the idea was formulated that a change in Hall voltage 
(perpendicular to the current, not dissipative) due to a thickness 
variation does show up in the direction of the current (and thus 
becoming dissipative) because the rotation of the electric field, 
according to Maxwell, must be zero. This gives a very strict linear 
dependence originating directly from the linear dependence of the Hall 
voltage on magnetic field. Furthermore, it is the only LMR mechanism to 
date which does not saturate even for very strong fields with or without 
magnetic breakdown. The elaboration into a theory and the checking of 
its predictions by measurements are described in Chapter II. 
Finally, some comments must be made on the relation between the present 
work and the measurements of Kapitza. Kapitza did his measurements on 
samples which are relatively unpure compared with todays standards and 
the lowest temperature he achieved was about 77 K. So in spite of his 
field strenghts of up to 30 T, his values of ω τ were smaller than one 
and he never reached the high field region (ω τ > 1). The linear 
magnetoresistance he observed m aluminum for instance is probably 
caused by the transition from quadratic dependence to saturation which 
takes place around ω τ = 1 . For other metals one could think of the 
с 
already mentioned averaging of quadratic terms which depend on crystal 
direction. 
However, the linear term showed up again in the high field region where 
these explanations are no longer sufficient, and the obstinacy and 
puzzling behaviour of the LMR in this region made it necessary to find 
other mechanisms. The main subject of this thesis is the powerful 
mechanism for producing LMR presented in the next chapter. 
9 
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Linear Magnetoresistance Caused by Sample Thickness Variations 
G. J. C. L. Bruls , J. B a s s . ( a ) A. P. van Gelder, H. van Kempen, and P. Wyder 
Research Institute for Materials, ГпігепіІ\ ofMìmegen, Toernooit eld, Nijmegen, The Netherlands 
(Kuceuud a ІЬССІПІІИІІ 19^0) 
Kxperimunls j r e prusented « h u h ч1к)\\ that ыігілге imixirfectiutiíi can gL\e rise to а 
larger linear magnetorebibtance than previousK supposecl, in fact, large enough lo ex­
plain mani hitherto-unexplained published results. A IheoietKal model, which takes into 
account both the finite width of the sample and the Hall fieldt, within it, is shown to de­
scribe the experimental results quantitatnel), without the use of adjustable parameters . 
PACS numbers- 72.1j.üd 
The appearance of linear magnetoresistance 
(LMR) in simple metals such as K, Al, and In 
has puzzled physicists for several decades. In 
the literature there remains the question of wheth-
er this LMR is primarily intrinsic or extrinsic. 
Recent interest has centered upon extrinsic caus-
es , for instance magnetic-field nonumfornnty 
along the sample length1 or the presence of vol-
ume defects (voids) in the material. Theoretical-
ly2·3 and experimentally,4 it has been shown that 
macroscopic voids can give an LMR proportional 
to the volume fraction of the voids. However, in 
carefully prepared samples this volume fraction 
is much too small to yield the LMR which is ac-
tually observed. Macroscopic surface defects 
have been suggested as additional sources of 
LMR,2 but, again, application of the theory of 
volume defects leads to an LMR too small to ac-
count for the usual observations. 
In this Letter we demonstrate, both experimen-
tally and theoretically, that there exists an addi-
tional LMR due to surface defects which is large 
enough to explain many of the usual observations. 
This LMR results from Hall voltage variations 
within the sample, an effect neglected in previous 
treatments. We present here some of the experi-
mental data which led us to the discovery of this 
new effect, and briefly describe our analysis and 
the results it yields. More extensive data (includ-
ing discussion of corrections applied for other 
magnetoresistive effects) and mathematical de-
tails of the analysis will be published elsewhere.5 
Our samples were prepared from very pure 
polycrystalline Al plates of 2-mm thickness. 
Spark-erosion techniques were used to form bars 
of different widths Ly with regularly spaced arms 
for potential contacts on both sides (Fig. 1 shows 
a composite sample). Between some pairs of 
arms were machined projections (p) and between 
some pairs grooves (g); both crossed the whole 
width of the sample. In still other cases the r e -
gions between the arms were made wedge-shaped 
(¡с); these specially prepared pieces were always 
alternated with flat untreated ones to serve as 
controls. To remove mechanical damage, the 
samples were annealed and a variety of cross 
checks were made to establish that the effects 
described below were not due to damage intro­
duced during sample preparation. 
We made conventional four-probe measure­
ments of transverse LMR with the magnetic field 
perpendicular to the plane of the a r m s . We al­
ways measured potentials on both sides of the 
sample (e.g., VAA, and Vcc, in Fig. 1), and our 
data were calculated from the average, except 
for the wedge-shaped samples, where VAAf and 
Vcc ' were very different. The temperature (4.2 
K), the field (up to 5 T), and the residual res i s­
tivity ratio of the samples (around 20 000) were 
such that ш
с
т » 1, where ш
е
 is the cyclotron fre­
quency and τ is the relaxation time. As our 
measure of the LMR we use the dimensionless 
Kohier slope: 5 = (1/р5){э[р(В)-р5]/8(шст)} 
= (1/Д
н
){э[р(В) - p j / а в } . Here p
s
 is the satura­
tion magnetoresistance which would have existed 
in the absence of LMR, В is the magnetic field, 
and Ян is t h e high-field Hall constant (RH= 1.0 
x l O - ^ m ^ C f o r Al). 
For a wedge-shaped sample, our model can be 
solved exactly. The predicted magnetoresistivity 
U' »' 
φ^χΊΓλ 
FIG. 1. Composite sample, ¿f, groove; p, projection, 
/", flat portion, и . wedge-shaped portion. See text for 
furiher details.. 
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P/Ps - - -
p./ps о 
SIT) 
FIG. 2. Asymmetric behavior of the magnetoresisti-
vity of wedge-shaped sample. μ+ and p. refer to re­
sistivities from measurements on opposite sides of the 
sample (see text). Drawn lines are computed values, 
symbols are data points corrected for residual magnet-
oresistivity of flat control pieces. 
is highly asymmetric and not strictly linear in B. 
These features are illustrated in Fig. 2. For a 
sample with grooves or projections, the model 
predicts a magnetoresistivity which ts linear in 
B, and this LMR is predicted to be proportional 
to (1) the relative depth Δ of the groove (or height 
of the projection); and (2) the width Ly of the sam­
ple. The first feature is illustrated in Fig. 3 for 
grooves in a sample of width 3.6 mm. Similar 
results were found for two additional widths and 
for projections as well as grooves. The second 
feature is illustrated in Fig. 4 for three different 
sample widths and three groove depths. 
We explain these observations by considering a 
sample of a homogeneous, uncompensated metal 
with no open orbits. The width Ly of the sample 
is constant, but its thickness dix) parallel to the 
magnetic field В =Bt varies along the sample 
length. For /3 =<J}CT» 1, the transport equations 
for this metal are (see, e.g., Ref. 6) 
£,=p s(J I + ^ ) , Ey=ps(-ßJ,+Jy). (1) 
Here£ ( and J, (г =x,y) are functions of*, y, and 
ζ. We do not use the equivalent equation relating 
E
€
 and Jt. 
These equations are solved by reducing the num-
ber of variables from three to two. This was 
previously done2,3 by averaging them over the у 
coordinate, i.e., the direction perpendicular to 
both the macroscopic current and the magnetic 
field. This procedure yields the usual LMR for 
volume or surface defects mentioned above. We, 
in contrast, average over the г direction, a pro­
cedure which preserves effects which are other­










FIG. 3. Kohier slope 5 as a function of relative thick­
ness variation Δ for grooves in a sample of width L
v 
= 3.6 mm. The straight line is calculated, the symbols 
are data corrected for residual magnetoresistivity of 
flat control pieces and LMR due to "volume defect" 
theory (see text and Ref. 5). 
Since we have continuity in two dimensions, (ЬК,/ 
Bx) + {BKy/ñy) = 0, we can find a function F such 
that K, = (8F/8y ) and К
s
 = - (8/7a*·). The trans­
port equations become 
Et=(p,/d)[bF/9y-ß(BF/bx)\, 
£ , = (ps/<*)[- №F/by) - 8£/B*], 
where £ ( , (8F/Bf), and d depend upon χ and y. 
We assume that the averaged field is rotation-
free (a detailed discussion of this assumption will 
be given elsewhere5), and call (bd/bx)/d = 1/a. 
This gives the equation 
8aF 82F 1/BF „ BF\
 n
 ... 
This equation can be solved exactly in closed 
FIG. 4. Kohier slope £ as a function of sample width 
Ьу for grooves with fixed values of thickness variation 
Δ . The straight lines are calculated, the symbols are 
data corrected for residual magnetoresistivity of flat 
control pieces and LMR due to "volume defect" theory 
(see text and Ref. 5). 
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(5) 
form if we take a to be constant, which corre­
sponds to a wedge-shaped sample of thickness 
d = d0exp(x/a). The solutions are 
KJ=-3F/£!)t=0, 
Κ
·- by 'Ш2а)51пШЬу/2а)· 
where / is the total current. 
If we choose axes down the middle of the sam­
ple, then what we measure are the voltages 
^ ( ± ¿ , / 2 ) at the sides of the sample (;y=xLv/2) 
between the positions χ = 0 and χ = L (see Fig. 1). 
Calculating E, and integrating from 0 to L gives 
x [ l - e x p ( - L / a ) ] , (6) 
where [1 -exp(-L/a)] = (d1 -dj/d, = Δ is the rela­
tive thickness variation of the wedge-shaped sam­
ple (for our sample, 1 0 ^ . The difference be­
tween these two voltages, V,(-L^/2) - V I(+i, v/2) 
= (¡pß£k)/d0, is just equal to the d.fference in Hall 
voltage between the place on the sample having 
thickness d, and the place having thickness d0. 
That means that the path integral of the electric 
field, and hence the rotation, is zero. Our mech-
anism thus works as follows The requirement 
that the (averaged) field is rotation-free forces 
differences in Hall voltage caused by thickness 
variations to appear along the length of the sam-
ple, thereby producing a large LMR. 
Finally, we define pt=Vt(fLy/2){d0Ly/Ll), and 
obtain 
p,-(M¿,*/2L) s i n h
№
J / 2 a ) . (7) 
Figure 2 shows that this equation fits the asym­
metric data for our wedge-shaped sample with 
no adjustable parameters. Furthermore, these 
solutions satisfy the consistency condition that 
their average, /j = (p.,+p_)/2, is just equal to the 
true resistivity defined via the power dissipation 
in the sample.' 
Since it is clear from Fig. 2 that we can accu­
rately describe the magnetoresistivity for the 
wedge-shaped geometry, we apply the same solu­
tions to other geometries. A sample with a 
groove or a projection is approximated by two 
wedges of opposite slope bounded by flat pieces. 
Placing two such wedges in series has the conse­
quence that, seen over the whole sample, the 
asymmetry vanishes. Adding the resistivities of 
the flat pieces and of the two wedges, and going 
to the limit of steep steps (i.e., making a smaller 
while keeping Δ constant), we get for a single 
groove or projection, an LMR of 
p(|3)=pJ(/3L),A/L+l) or S = Lyù.'L. (8) 
We see that S is linearly dependent on Δ, the rel­
ative depth (height) of the groove (projection), 
and also on the width of the sample. For a sam­
ple with L/L, = 1, and just a single groove of rel­
ative depth Δ = 1%, we find S = IO"2, which is al­
ready larger than many reported values in the 
literature7"8 (S = 1 0 " 3 - 10"'). For a given sample 
length, we have checked that two and three grooves 
give values of S about two and three times larger, 
respectively, than one groove alone. We thus 
see that even a single small groove can produce 
an S of the usually observed magnitude, while at 
the same time the mechanism can account for a 
wide variation in values of S, since the width of 
the sample and the form, number, and orienta­
tion of the defects all exert a large influence. 
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Abstract. 
A model of transverse magnetoresistance (MR) in metals due to sample 
thickness variations is presented. It predicts larger magnetoresistance 
than did previous models. The model is applied to magnetoresistance data 
on well annealed, polycrystallme aluminum (Al) plates which are wedge-
shaped, or which contain surface defects such as steps, grooves or 
projections. For wedge-shaped samples or samples containing a surface 
step, the model predicts magnetically-induced voltages which differ on 
opposite sides of the sample, and which are not stricly linear in 
magnetic field strength B. Both phenomena occur, with the predicted 
magnitudes. For grooves or projections which extend completely across 
the width of the sample, the model predicts a MR which is linear m В 
(i.e. a Linear Magnetoresistance—LMR) and directly proportional to both 
the groove (projection) depth (heigth) and the sample width. The data 
are found to be m quantitative agreement with prediction. The 
prediction and observation of a very large LMR for large surface defects 
provides at least a partial resolution of a disagreement m the 
literature concerning the magnitude of LMR in single crystal Al samples 
when В is directed along the (110) crystallographic axis. Thermal 
magnetoresistance measurements are shown to be consistent with the 
electrical measurements. Measurements are also reported on: (1) the 
angular variation of MR when В is rotated away from the perpendicular to 
the sample surface; (2) MR for surface defects which extend only part­
way across the sample width; and (З) MR for surface defects in 
unannealed Al plates. 
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I. Introduction 
Linear Magnetoresistance (LMR) in simple metals such as K, Al, and In 
is a phenomenon which has puzzled physicists for decades. On very 
general grounds , the magnetoresistance of a homogeneous uncompensated 
metal with no open orbits in k-space should saturate with increasing 
magnetic field to a constant value ρ · There is continuing disagreement 
over whether the observed LMR is intrinsic or extrinsic. The most ably 
defended potential intrinsic source is Overhauser's Charge Density Wave 
model, Ref. 2. Proposed extrinsic sources include magnetic field non-
3 4 
uniformity along the sample length , dislocations in the sample , and 
Ц fi 1 
the presence of volume defects (voids) in the sample ' ' . Macroscopic 
voids have been shown to produce an LMR proportional to their volume 
8 9 fraction in the sample ' . In carefully prepared samples, however, this 
volume fraction is too small to produce the observed LMR. Although 
surface defects were also previously suggested as a source of LMR , 
extension of the volume void theory of LMR to surface defects yields an 
LMR too small to explain published data. Moreover, the volume void 
theory of Ref. 5, 6, and 7 is only applicable to defects which are small 
with respect to sample dimensions, because the change in Hall field can 
be neglected in this case. For sample thickness variations stretching 
across the whole width of a sample this approximation is no longer 
valid. 
In a previous letter , we showed that surface imperfections of this 
latter kind produce a transverse LMR which is larger than expected from 
the void theories. We showed also how this LMR can be understood 
quantitatively. In this paper, we provide further details of both our 
data and our model for surface-defect-induced LMR. The paper is 
organized as follows. In section II, we first outline the volume defect 
theory of LMR as background. We apply it to surface defects, and 
demonstrate its inadequacy. We then describe our new model and derive 
the equations needed to analyze our data. In section III, we describe 
our experimental technique and procedures. In section IV, we present 
and analyze our data. Section V contains a summary of the most 
important results, and our conclusions. 
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II. Theory 
We are interested in the transverse magnetoresistance ρ of a sample 
whose thickness vanes along the direction of an applied magnetic field 
B=B . We limit ourselves to consideration of a homogeneous, 
uncompensated metal with no open orbits. In the high field limit, 
β=ω i»1 , the transport equations for such a metal relating the electric 
field E to the current density J are 





 χ ^y 
W-fvV ^ 
E =p J 
eB 
Here ω = у— is the cyclotron frequency and ρ is the saturation 
magnetoresistance of the homogeneous metal. In Eqs. (l), E and J 
(i=x, y) are functions of x, y, and z. As our measurp of the LMR we use 






 f3p(B) 1 b
 " p ^ δβ > R H
l
 ав > · 
where H H is the high-field Hall constant and ρ β = RjjB· 
The problem is to solve Eqs. (l) with the appropriato boundary 
conditions, subject to the constraint that current is conserved: 
$-J - 0 (2) 
Ho general solution has been provided for samples of arbitrary shape and 
dimensions, but some limited solutions have been published. 
5 
Stroud and Pan used an effective medium approach to derive the LMR 
for elliptical inclusions of characteristic dimension d in the limits 
λ << d << A, where \ is the electronic mean-free-path, and A is a 
typical dimension of the sample. They found 
20 
S = of (3) 
where f is the volume fraction of inclusions, and α is a constant 
equal to 0.49 for spherical non-conducting inclusions and 1 for long 
cylindrical voids parallel to the y-axis. They did not calculate S for 
a long bar of rectangular cross-section. If we use their calculation 
for the closest available approximation to our geometry, namely a half-
cylinder at the surface of a sample, we obtain (with α=1 ) 
2 T 
сто; L 
ï.'(JL)£)-f (4) 2d0LLy 2 V L 
Here L is the length of the sample, L its width, d its thickness, f 
is again the volume fraction and с the radius of the cylinder. This 
result is independent of sample width and quadratic in c. 
Sampsell and Garland obtained Eq. (3) by directly integrating the 
power dissipated in the vicinity of the voids. 
Van Gelder obtained exactly Eqs. (З) and (4) by a procedure we 
describe in more detail because of its relevance to our new model. He 
began from the inverted form of Eq. (1). 
V—-^-ü*—^4-!£ (5) 
Ps(1 J) ÔX * < • 
-β 
i V ) 
δφ 
ay
τ - Ρ _οφ 1 _οφ 
j = IM 
ζ ρ öz 
's 
where E = θφ/ôi, (i=x,y,z). Eq. (2) then gives 
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i± + £±+ (i+P¿)^! = о (6) 
Эх ôy ôz 
Eq. (6) was reduced to a two-dimensional problem by averaging all 
quantities of interest over y: 
/dyJ (x.y.z) 
<Jx> = — h (7) 
so t h a t Eq. (5) r emains v a l i d fo r t he ave raged q u a n t i t i e s <(Эф)/(Эх)>, 
< ( Э * ) / ( ô y ) > , bu t Eq. (6) becomes 
2 2 r-^r 
e_^ . + ( l 4 p 2 ) Û ^ + l S L k . o (8) 
ôx ôz y 
Неге 1 -тЩ is the difference between -т^- on two opposite sides of a 
9y - ôy 
sample. 
He then assumed that the third term on the right-hand-side of Eq. (8) 
would become negligible as L -» =>, which then leaves a totally two-
dimensional problem. He also assumed that the averaged Hall field 
<оф/9у> was independent of x, and hence equal to the Hall field at large 
distances from the inclusion (or surface defect). This latter 
assumption was also explicitly made by Sampsell and Garland. 
With these assumptions, van Gelder derived, by means of an 
appropriate transformation m the complex plane, exactly Eq. (4) for a 
cylindrical groove or projection, and the approximate equation 
3 = l(JLX£)in[20.7^] (9) 
for a rectangular groove (projection) of depth (height) с and length 
2a along the x-axis, oriented parallel to the y-axis. For a square 
(c=2a) groove this gives S = σι where α is a number of order unity wich 
vanes slowly (logarithmically) with magnetic field and f is the volume 
fraction. 
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The agreement of all these calculations with each other leads us to 
believe that all are, in our geometry, effectively limited to the 
approximations L = », and Hall field independent of x, as explicitly 
assumed by van Gelder. 
The problem with all three calculations is that they yield results 
independent of L , and thus in fundamental disagreement with the data we 
describe below. We discovered this disagreement while using samples with 
L = 1.8 mm. Fig. 1 compares our experimental LMR for grooves in the 
1.8 mm sample with the predictions of Eqs. (4) and (9), both of which 
are too small to explain the data. Since the predictions of Eqs. (4) and 
10 Δ(%) 
Fig. 1. Measured experimental LMR (open aivclee), expreeeed in Kohier 
elope S, of grooves of different depth in samples of width L =1.8rm, 
compared with the predictions of the volume fraction theories (Eqs.(4) 
and (9)). 
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(9) were derived for samples with L = <=, we tried a wider sample (L 
¿.6 nun) to see if the LMR would decrease in magnitude. Instead, they 
increased' Additional measurements with a 0.7 mm wide sample revealed 
that the LMR were proportional to L . This result led us to reformulate 
y 
the theory to generate a dependence on L . 
Instead of averaging over y as in Eq. (7), we average over z. As we 
will see, for our geometry this leads to a solvable set of differential 
equations of two variables without having to assume that the Hall field 
is independent of position. This latter release of constraint gives rise 
to our effect. The averaging is defined as follows. 
<E > = τ/Ε dz (10) 
i d¿ ι 
1 
<J > = -rfj dz Ξ -i i di, i d 
Here d is the sample thickness, and ι = x,y. Since there is continuity 
of current in three dimensions (see Eq. (2)), there must also be 
continuity of averaged current in two dimensions: 
ЭК 3K 
- j J ^ - i - O (11) 
ox ôy 
because no current can be lost. This means that a function F can be 
found such that К = ôF/ôy and К = -òF/ox. The transport equations, 
χ у 
Eqs. (l) can then be rewritten as 
< E y > { d ) [ % Эх' 
where <E >, (öF/3i) , and d depend on χ and y. The problem is again 
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reduced to two dimensions, since <J > and <E > are zero. 
ζ 7 
In a constant magnetic field the three-dimensional electric field is 
rotation free, but this need not be the case for the two-dimensional 
averaged field. The rotation of the averaged field can be written as 
UUx,y)> = ^  Yy<Ey(X'y)> " ï| W * · ^ (13) 
where γ , (i=x,y), is the fractional deviation of the field E at the 
surface from its averaged value within the sample: 
Y1(x,y) = [Ei(x,y,d) - <Ei(x,y)>] / <Ei(x,y)> (13a) 
I n s e r t i n g (12) i n t o (13) we get : 
a
2F ô2F 1 rôdw, wôF aôF-, (,.\ 
-¡T^-dfe^^V^"^+ (u) 
For a groove or projection extending completely across the sample, ôd/5y 
= 0, and the last term on the left hand side in Eq. (14) is identically 
zero. It seems unlikely that γ will be larger than Δ, the fractional 
change in sample diameter at point x, and it may well be considerably 
smaller. If we approximate γ = Δ, then neglecting it will make an 
error in the second term from the right of Eq. (14) of only Δ. In our 
case, this will be less than 11$ which 13 the largest Δ used for 
quantitative studies. Since 11^ is comparable to our typical overall 
experimental uncertainty, we neglect γ . This amounts to assuming the 
ñd 
rotation of the averaged field to be zero. With-r—/d = 0, ν = 0 and 
ôd 1 Эу ' Ί 
-r-/d = — we get from Eq. (14): 
ox a 




Interestingly, this is the same equation as Bate and Beer derive for 
the influence of a conductivity gradient on the magnetoresistance of 
semiconductors, with carrier concentration gradient taking the place of 
thickness variation. In hindsight this is not so surprising since both 
thickness variation and carrier concentration gradients cause changes in 
Hall field. A third cause for change in Hall field is inhomogeneity of 
the magnetic field. Again this leads to the same equations and 
phenomena, see for instance Ref. 3· 
Eq. (15) can be solved exactly in closed form if a is taken to be 
constant, which corresponds to a wedge-shaped sample of thickness 
d=d exp(x/d). The solutions are 
К = - ψ- = 0 (16) 
y ôx 
К - ψ-. I(ß/2a) " P / f f ^ 
χ ay V K 'sinh(ßL /2a) 
where ι is the total current. 
If we choose axes down the middle of the sample, then what we measure 
are the voltages V (+L /2) at the sides of the sample (y = +L /2) 
χ у у 
between the positions χ = 0 and χ = L ) (see Fig. 2). Calculating E 
and integrating from 0 to L gives 
Ißp exp(+ßL /2a) 
W2) = 2d0sinh(ßy2a) A <17) 
where Δ = [l - exp(-L/a)] = (d. - d )/d1 is the relative thickness 
variation of the wedge-shaped sample (for our sample, \0%). The 
difference between these two voltages, V (-L /2) - V (+L /2)= 
χ у χ у 
(lp ßA)/d , is just equal to the difference in Hall voltage between the 
place on the sample having thickness d. and the place having thickness 
d . Our mechanism thus works as follows: The requirement that the 
о ^ 
(averaged) field is rotation-free forces differences in Hall voltage 
caused by thickness variations to appear along the length of the sample, 
thereby producing a large LMR. 
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Fig. 2. Composite sample of width L , thickness d, and length between 
potential leads L. Shoim are a flat part (f), a wedge shaped part (w), 
a part with a projection (pi and a part with a groove (g). Voltages are 
measured over pairs of potential contacts e.g. AA' and CC'. 
Finally, we define p^ = V (+L /2)(d L /Li), and obtain 
exp(±ßL /2a) 
p±(wedge) - (p sPL yA/2L) 3 i n h ( f/ / 2 a ) , (18) 
(psßLy/V2L) coth (ßLy/2a) (18a) 
It is gratifying to note that the ρ from Eq. (18) satisfy the 
consistency condition that their average, ρ = (p +p_)/2 from Eq. (l8a) 
is just equal to the true resistivity defined via the power dissipation 
m the sample. This is seen by substituting our averaged quantities 
into the power integral Ρ = Jj-Edv which then becomes Ρ = JK«<E>dxdy. 
Inserting the ІС and <E> obtained from Eqs. (12) and (16) and computing 
the integral yields a ρ which is equal to the right-hand side of Eq. 
(18a). The fact that the true resistivity is equal to the average of 
the "resistivities" measured at opposite sides of a sample follows more 
27 
generally for botn the wedge and other surface defects from the 
consideration that the dissipation is equal to the integrated Pointing 
vector over the sample surface, which can be shown to involve only 
integration over the surfaces y = 0,-L /2 and y = 0,L /2. 
We can derive an LMH appropriate to a sharp step by letting а-Ю m 
Eq. (18) while holding Δ constant. This yields the asymmetric 
ρ and ρ : 









p_(step) = 0 +p
s
 (19a) 
where, since the contribution to p
+
 from the step is localized to the 
region of the step, we have added in the ρ due to the flat parts of the 
sample. This extra ρ makes no contribution to the slope of the LMR. 
The average resistivity for the step, ρ =(p + ρ )/2, is then 
ρ ßL Δ L A 
"step = ^ 2 Ϊ ^ 4 ps 0 Γ Sstep = Tr ( 2 0 ) 
It is also possible to find an analytical solution for the problem of 
12 
a steep step. Bate, Bell and Beer give a series solution for the 
analog problem of a step-like change in carrier concentration m a 
semiconductor. However, this series solution does not work well because 
of a singularity in the current distribution, see Fig. 3· This current 
pattern and the resulting asymmetric resistivities were computed by one 
of us (A.P.van Gelder ) by means of a complex function method. The 
resistivities for both sides of the sample are: 
4 L · - J|(¥(l) -т(±)) (21) 
ρ L π ν ¿ η ' 
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Fig. За) Ly 
-L 
Fig. 3b) 
Fig. 3. Current lines near a step like variation in sample 
thickness, in Hall constant, or in magnetic field strength. The length 
(from -L to +L) over which the current deviates appreciable from a 
homogeneous current distribution is comparable to the width of the 
sample L . Fig. 3a shows the current pattern for βΔ = 5, which lies in 
the middle of our experimental range. Fig. 3b shows the pattern for 
βΔ > 20, at which point the lines converge to within about 1% of the 
sample width. 
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^ - • У £ ( * Ф - id-*)) (21а) 
ρ L η 4 2 it ' 
Here L is the width of the sample, L is the distance between potential 
contacts, f is the digamma function, see for instance Ref. 13, 
φ = -ζ - arctg(fc-), where β = ω τ is the product of cyclotron frequency 
and scattering time and Δ is the previously defined relative thickness 
variation. 
In Ref. 13 one can find suitable series expansions which for ßj > 1 
give to good accuracy 
^ ^ ( β Δ - 0 . 9 ) (22) 
ρ L 
^ - - - Ά -0.9 ) (22a) 
Ρ L 
and for the average of the two 
MÊL ^ d . o.g) (23) 
Ρ h ¿ 
In these equations we have approximated (41η2)/π by 0.9· This gives a 
linear magnetoresistance with a Kohier slope given again by Eq. (20). 
So the analytical calculation differs from the approximate one only by a 
slight renormalization of ρ , which does not affect the Kohier slope. 
This agreement gives confidence in our solutions and in our mechanism. 
A sample with a groove or a projection is approximated by two steps 
of opposite slope bounded by flat pieces. Placing two such steps in 
series has the consequence that, seen over the whole sample, the 
asymmetry vanishes. The resistivity is just twice the average 
contribution of a single step, plus the ρ due to the flat parts of the 
sample 
ρ ßL Δ L 
ρ(β) - % +ρ or S = ^ Δ . (24) 
Jj S li 
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S is thus linearly dependent on Δ, the relative depth (height) of the 
groove (projection), and also on the width of the sample, L , but no 
longer on the volume fraction f. For a sample with L /L = 1, and a 
-2 
single groove of relative depth Δ - 1%, we find S = 10~ , which is 
already larger than many reported values in the literature (S = 10 
io" 1) 1 4· 1 5. 
In deriving the above equations, we have assumed that the surface 
defects are the only source of LMR. In fact, some LMR is seen even with 
"flat" samples. In the spirit of Eqs. (2l)-(24)
>
 such an additional LMR 
should probably be added to ρ to properly account for the contribution 
due to the real flat portions of the sample. In presenting our data, we 
have chosen to treat this issue from the alternative point of view that 
the LMR due to flat pieces should be subtracted from the raw data before 
comparison with Eqs. (19)-(21). 
For the wedge, which extends over the entire sample length between 
the potential leads, ρ is already contained in Eq. (18) as the limit of 
p
+
 as ß-Ю . It is thus less clear how to include any "additional LMR", 
especially in ρ and ρ separately. From the physical changes in 
current pattern associated with our model, which involves a bunching up 
of current lines on one side of the wedge, we infer that effects of any 
additional LMR will be magnified on that side of the wedge relative to 
the other side. Ve have thus subtracted from ρ and ρ the "flat 
surface LMR" multiplied with the ratio of computed and average current 
density in correcting the data for the wedge to be discussed below. 
We can also make a similar argument for the LMR due to "volume defect 
theory", which involves different current distortions than those in our 
model. The simplest assumption to make is that the effects of the two 
different types of distortion are simply additive. For completeness, 
we present our data both with, and without, such corrections. 
Since our samples have RRRs of 10.000 - 20.000, corresponding to 
mean-free-paths of electrons in zero magnetic field of λ = 0.2-0.4 mm, 
which are comparable to the sizes of our samples and any grooves or 
projections, one might wonder whether an essentially classical and 
macroscopic model such as we have developed is appropriate to 
describe our data. We believe that it is, for the following reason. 
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A fundamental assumption of our analysis is that the averaged electric 
fields and current densities of interest are functions only of the local 
position (x,y). In zero magnetic field, a long electronic mean-free-
path vitiates this assumption, because the electrons carry with them 
information from their last collision, which occurred a long distance 
(λ) away. However, in high magnetic field, ω т»1 , an electron is 
constrained to a region of order λ/ω τ in the plane perpendicular to the 
magnetic field. In our case, fields of 2T to 5T along the z-axis, give 
ω τ- 50-400 for the different sample purities, so that electrons are 
constrained to regions of < O.C03 mm in the x-y plane. These distances 
are much smaller than any dimension of our samples. The electrons 
travel over larger distances in the z-direction, but we do not care 
about the details of their motion in this direction, because our model 
involves an average over the z-axis properties of the quantities of 
interest. We thus conclude that our model should be applicable to our 
experimental data. 
III. Experimental details. The samples were prepared from high 
purity polycrystalline Al plates of 2mm thickness obtained from 
Vereinigte Aluminium Werke . As received, the Al had a resistance 
ratio (HRR=R(300K)/R(4.2K)) of = 10.000. After annealing at 500 С for 
a few hours in vacuum or argon, the RRR increased to = 20.000. Spark 
erosion was used to form bars of different widths, L , with regularly 
spaced arms for potential contacts on both sides of the sample. Fig. 2 
shows a composite sample. A typical sample was >5 cm long and divided 
into 5 or 10 equal parts by the potential arms. Between some pairs of 
arms were machined projections (p) and between some pairs grooves (g). 
Each sample also contained one or more flat, untreated regions (f) to 
serve as controls. To minimize damage, the grooves or projections were 
initially cut using spark erosion. Later, a milling machine was used to 
get more uniform grooves with sharper edges. No significant differences 
were found between results obtained with the two techniques. Usually, 
the grooves or projections extended over the entire width of the sample, 
but some tests were made with grooves cut only part way across. The 
behavior of the magnetoresistance for steps (not shown) and wedge shaped 
32 
(w) portions of the sample were also examined. 
Measurements were made on both annealed and unannealed samples, with 
results which were qualitatively similar, but differed in some details 
as described below. In the unannealed state, the samples contained 
large numbers of smdll, randomly oriented grains. After annealing, 
there were typically only a few grains between pairs of potential leads 
The general agreement between results for different samples indicates 
that the detailed gram structure was not an important factor in the 
observed LMR. 
Conventional four-probe measurements of transverse LMR were made, 
usually with the magnetic field В of the split-coil superconducting 
solenoid oriented perpendicular to the plane of the sample arms. In a 
few cases, the LMR was measured for the entire angular range from 0 
(Β _ί_ to the plane of the arms) to 90 (B // to the plane of the arms). 
To test for sensitivity of the LMR to the exact orientation of the 
sample, the effect of small misalignments of the sample normal with 
respect to the magnetic field was regularly checked. For defects 
extending across the whole width of the sample such misalignments had 
little effect. We also checked that small displacements of the sample 
up or down out of the middle of the solenoid had little effect on the 
data. Larger displacements, which brought the sample to a region of 
significant field mhomogeneity, produced results similar to those 
reported by Gostishchev et al. 
The measuring currents were normally chosen to make the current 
density through the sample about 0.3A/mm , and occasional checks were 
made that the data were independent of the measuring current. We 
regularly checked potential differences on both sides of the sample 
1 7 (e.g. V,,, and V-., in Fig. 3), and except for the wedge-shaped 
samples and steps, for which
 д
,, and ν__, were very different, the two 
potential differences were always nearly equal. When a slight 
difference appeared, the two values were averaged. The data to be 
presented were also the result of reversing both current and field and 
taking appropriate averages. Reversing the current rarely led to 
significant asymmetry, and field reversal asymmetries were typically 
less than 10-20$. Voltages were measured with a sensitivity and noise 
of about 10 V using a Tekelec digital voltmeter , the output of which 
was displayed on a strip-chart recorder so that noise and thermal drift 
could be averaged out where necessary. 
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Fig. 4. Measurement of resistance ae a function of field for three 
grooves of different depth and two flat regions on an annealed 4mm wide 
sample. Tiie numbers shown are values of à· Up and down triangles 
indicate results for opposite field directions. Filled and open symbols 
indicate measurements on opposite sides of the sample (e.g. ДА' and CC' 
in Fig. 2, respectively). The circles which describe data for the flat 
regions represent averages after field reversal. The two flat pieces 
gave results too close together to separate on this graph. 
different depths, and two flat regions, on an annealed 4nim wide sample. 
This figure illustrates: (a) That above about 2T the magnetoresistances 
are linear in B; (b) that the deeper the groove, the larger the LMR, and 
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that the background LMR for flat regions are smaller then the LMR for 
grooves and nearly the same for different flat regions on a given 
sample, and (c) that the differences between V,., and V.-, are small for 
both grooves and flat regions. 
To test whether damage introduced by spark erosion was the source of 
our observed LMB, an unannealed sample was first fabricated with 
relatively long projections and then spark-planed down in steps so that 
the projections became shorter and shorter. The filled circles in Fig. 
5 show that the LMR for this sample decreased approximately linearly 
with decreasing projection height. Fig. 5 also contains for comparison 
some data for annealed samples (plusses and crosses) with grooves 
instead of projections, to demonstrate that the LKRs obtained are 
consistent with those for the projections. We conclude that the LMRs we 
see are due primarily to the presence of grooves or projections and not 
to damage introduced during fabrication. Finally, Fig. 5 also contains 
data for an unannealed sample (open squares) containing multiple grooves 
and grooves which are longer (3 mm) in the x-direction than the typical 
ones (1 ram). We see that the LMRs are approximately proportional to the 
number of grooves and independent of groove length. If we subtract the 
LMR for flat pieces from each of the samples in Fig. 5, we find that the 
data for the unannealed sample fall below those for the annealed 
samples. We consider this behavior further in section IV (c) below. 
IY Data and analyses. This section is divided into three parts. In 
part (a), we describe measurements of the Hall voltage, V , which are 
basic to our model of surface-defect LMR. In part (b), we present that 
portion of our data which can be quantitatively explained by our model, 
namely the LMR for annealed samples which are wedge-shaped or plane-
parallel with grooves, projections, or steps, all with the magnetic 
field directed perpendicular to the plane of the sample arms. We also 
describe measurements with the field parallel to the plane of the arms, 
and use these measurements both to demonstrate that the average electric 
field in the sample is independent of the strength of the magnetic 
field, and to resolve a contradiction in the literature concerning LMR 
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Fig. 5. Slope of LMR for grooves and projections of different depth 
(height), on annealed and unannealed samples, divided by the number of 
groooes (projections) between voltage contacts. The solid line is the 
theoretical calculation from Eq. (24). The filled circles indicate data 
for a sample containing projections, in which the projection height was 
sequentially reduced. The plusses and crosses represent data for two 
annealed samples containing grooves (plusses) or projections (crosses), 
respectively. The open squares represent data for an unannealed sample 
containing multiple grooves (the number of grooves is specified at each 
symbol), with different depths for each different set of grooves. Two 
grooves (indicated by asterisks) were made unusually long (3 mm versus a 
normal 1 mm) along the x-direation to see whether such extra length 
would affect the LMR. Hone of the data shown in this figure have had 
the LMR for flat pieces subtracted. The LMRs for flat pieces on each of 
the samples (except for the filled circles where no flat piece was 
measured) are indicated on the ordinate axis at Δ = 0. 
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crystal axis. We show also that thermal LMR behaves the same as 
electucal LMR in these parallel and perpendicular geometries. In part 
(c), we describe results which are less well understood, primarily the 
angular variation of LMR for large projections, LMR in unannealed 
samples, and LMR due to grooves or projections which extend only 
partially across the sample. 
(a) The Haul voltage and LMR. 
As indicated in section II, previous models assumed that the Hall 
voltage, V , is independent of x, whereas in our model it varies 
inversely with sample thickness d. The irrotationality of the averaged 
electric fields causes these differences m Hall voltage to appear along 
the current direction as a LMR. We tested this prediction using a 
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Fig. 6. Comparison, for a projection, between the difference in Hall 
voltage àV and the LMR voltage V as a function of the fractional pro-
jection height ls=(d1-d0)/di. Here AV is the difference between the 
Hall voltages measured along the projection and along a flat portion of 
the sample, and ν
χ
 is the LMR voltage measured across the projection. 
the sample having different thicknesses. Fig. 6 compares the 
differences in the Hall voltage Л with the LMR voltages V appearing 
across the same sample, for several different values of A=(d -d )/d . 
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Ho corrections or adjustments are made. The approximate agreement 
between Д and V validates the foundation of our model. 
У x 
(b) Data well described by the model. 
Our model can be solved exactly for an exponential wedge, giving Eq. 
(18). This equation, which we now show contains no adjustable 
parameters, predicts that ρ and ρ vary not strictly linear with В and 
are very different from each other. In Eq. (18), Δ, L , L, and a are all 
directly measurable on the sample, and ρ and ρ are related via ρ β = 
R„B. It is thus necessary only to determine ρ . 
5 B(T) 
Fig. 7. p/p data for a wedge-shaped sample, together with the 
в 
theoretical prediction of Eqn.18 (solid curves) using β =44/T, R =13nQ, 
and a=10 cm. The open circles represent uncorrected data and the filled 
circles corrected data (see text). 
3Θ 
For magnetoresistance in samples of uniform thickness, there are two 
field-regimes: (a) "low field" (β << l) where ρ = p
n
, and (b) "high 
field" ( ρ >> 1), where ρ = ρ . For our wedge, in contrast, there are 
three field-regimes: (a) "low field" , β << 1 , where 
ρ = (ρ + ρ )/2 = ρ ; (b) "intermediate field", β >> 1 > ßL /2a, where 
ρ = ρ , and (с) "high field", ßL /2a >> 1, where ρ vanes linearly with 
s y 
β. For our wedge, a=100 mm and L = 1.35 nun, so that at our lowest 
field of 1Τ we are in the "intermediate field" regime. We thus take for 
R , the "saturation resistance" of our sample, the average value of our 
measurements of R_ and R
+
 at B=1T, and then convert R into ρ using the 
geometric factor of our sample derived from the ratio of the known room 
temperature resistance of our wedge and the specific resistivity of 
aluminum. From this ρ we obtain β = 44/T which was used to calculate 
the curves of Fig. 7. 
If the characteristic length a of the exponential is large, then for 
a sample of length L << a, Eq. (18) will apply with good accuracy to a 
linear wedge, which is easier to fabricate than an exponential wedge. 
Fig. 7 compares the prediction of Eq. (18) (solid curves) with data for 
a linear, wedge-shaped sample. The open symbols represent uncorrected 
data. The filled symbols show the same data after correction according 
to the procedure described just after Eq. (24). The predicted curves 
are in good agreement with the corrected data and in reasonable 
agreement with the uncoirected data. 
For a single sharp step, we have the prediction of Eqs. (21) and 
(¿1a). Fig. 8 shows data for a single step (with and without flat-
piece-LMR subtracted) compared to this prediction. Again the prediction 
is verified. As expected, the averaged values for the two sides of the 
sample yield a LMR of about half that expected for a groove (or 
projection) of the same depth (height). 
For groove or projection, the high-field prediction is given by Eq. 
(24), 
S = ^ Δ (24) 
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Fig. S. Asymmetric resistivities and their average for a single sharp 
step, corrected (solid circles) and uncorrected (open circles) for resi­
dual LMR of flat pieces. The solid lines are the predictions from 
Eqn.(21) and (21a) using β = 15.6/T determined from the RRR for this 
sample. 
groove or projection. 
For a single groove (projection) we thus expect S to be proportional 
to Δ for fixed L . Fig. 9 shows S versus Δ for three different groove 
depths in samples of width O.Tnim, 1.8mm, and З.біш, respectively. The 
filled symbols are data corrected for both the residual 
magnetoresistance of flat control pieces and the LMR due to "volume 
defect" theory as described in section II. The open symbols are 
uncorrected data. The sizes of the symbols indicate their uncertainties 
due to uncertainties in groove depth and shape, and in the measurements 
of resistivities and determination of LMR slope. The straight lines are 
calculated from Eq. (24). These lines generally agree better with the 


























1 · 1 








Fig. 9. Kohler slope S versus 
thickness variation Δ for samples of 
width 0.7 mm, 1.8 im and 3.6 mm. Vn-
ftiled symbols are for uncorrected 
data. Filled symbols are the data 
mth the residual LMR of flat con­
trol pieces and the LMR due to 
volume defect theory subtracted as 
discussed in section II. The solid 
Ігпев are predictions from Eq. (24). 
10 15 
Δ с/.; 
For fixed groove depth, Eq. (24) predicts that S will be proportional 
to the sample width L . Fig. 10 shows S versus L for three groove 
depths. Again filled symbols are corrected data and open symbols are 
uncorrected. The straight lines are the predictions of Eq. (24). As in 
Fig. 9, the lines agree better with the corrected data, but are also in 
reasonable agreement with the uncorrected data. 
As illustrated in Fig. b, the observed LMR are essentially the same 
for projections as for grooves of the same height (depth), the LMR are 
independent of groove length along the sample, and the LMR are 
approximately linear in the number of grooves per unit length of the 
sample. We thus conclude that our data are in quantitative agreement 
with Eq. (24), which contains no adjustable parameters. 
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Fig. 10. Kohler slope S versus 
sanple width L for three differevt 
groove depths. Unfilled symbols are 
for unaorrected data. Filled sym­
bols are the data with the residual 
LMR of flat control pieaes and the 
LMR due to volume defeats theory 
subLraoted. The solid lines are 
predictions from Eq. (24). 
Up till now, we have examined data for small Δ, i.e. Δ<11$, which is 
where we expect Eq. (24) to be valid. If д is allowed to increase 
further, then since A=(d1-d0)/d1 , its limiting value is unity. This 
yields a limiting value for S of S=L /L. While we do not expect this 
limiting value to be quantitatively accurate, it is still worthwhile to 
examine its applicability experimentally. 
The easiest way to simulate a large Δ is merely to rotate a sample by 
90 so that the magnetic field points along the potential arms rather 
than perpendicular to the plane of the arms. This is not quite the same 
as having long projections or deep grooves in the proper geometry, since 
now the voltage is being measured on arms which point along the field 
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Fig. 11. LMR for a sample plate with no deliberately introduced de­
feats . BJ = field directed perpendicular to the sample and to the plane 
of the arms (see Fig. 2). St = field directed along the arms. 
is expected for the proper geometry. 
Fig. 11 shows the magnetoresistivity for a sample containing no 
deliberately introduced surface defects, with the field oriented both in 
and perpendicular to the plane of the arms. With the field 
perpendicular to the plane of the arms we see only the snail LMR 
appropriate to a flat sample. With the field along the arms, however, 
we see a much larger LMR, with a value of S about half of L /L, the 
У 
upper bound indicated above. The magnitude of this LMR is about the 
same on the two sides of the sample and also approximately symmetric 





To see whether or not the behavior shown m Fig. 11 was associated 
solely with electrical magnetoresistivity, the thermal 
magnetoresistivity, ρ (в), was measured on a sample of the same 
1 9 
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Fig. 12. LMR fov thermal 
magnetoreeístanae under воп-




Data for parallel and perpendicular fields are shown in Fig. 12. For 
parallel fields, where the effect is large, it is possible to calculate 
the Wiedemann-Franz ratio, , using the two linear slopes. Its 
-8Дч2 
value of (2.2+0.2) χ10~ (-¡τ) i s in good agreement with the Lorenz number 
2 . 4 4 χ 1 0 - θ φ 2 . 
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We take this consistency check, plus the fact that S for the 
electrical LMR is comparable to the upper bound of Eq. (24) , as 
additional evidence for the basic validity of our model. We can also 
use this geometry, and these results, to study further the fundamental 
physics underlying surface LMR. 
It is easily demonstrated that the average electric field throughout 
the entire sample should be independent of the magnitude of the magnetic 





 P B ( J X + PV· ( 1 ) 
If we average this equation over the entire sample volume, we find 
<Ε
χ
> = pg<Jx>, (25) 
since <J > ж 0. Because we maintain <J > constant as we increase the 
У
 x 
magnetic field, Eq. (25) predicts that <E > will be independent of 
magnetic field strength B. This result is not only valid for В 
perpendicular to the plane of the sample arms, (where indeed we observe 
a nearly constant ρ with S=10 in well annealed samples with no 
deliberately introduced surface defects), but also for В parallel to the 
arms, (where we observe a huge LMR with S > 10 ). From Eq. (25) we 
must infer for В parallel to the arms that the large electric fields 
giving rise to the huge LMR observed in the body of the sample must be 
balanced off by large oppositely directed fields in the arms. 
To search for such a field, we attached potential leads across one 
arm of the sample as indicated in the inset of Fig. 15, and used these 
leads to measure the potential differences across this arm as a function 
of the magnitude of B. For В directed perpendicular to the plane of the 
arms, no potential difference was observed. However, for В in the plane 
of the arms, we obtained the resulta shown in Fig. 13; The potential 
difference V. across the single arm increased linearly with В and was 
of opposite sign to the potential V. between two different arms. We 












Fig. 13. Voltage V- (аа овв a sample arm) and V. (between two dif­
ferent sample arms: see inset) as functions of magnetic field strength 
B. Note that the data for K. and V2 have opposite signs. 
found that it decreased with increasing distance from the sample. To 
estimate the magnitude of the average negative field in the arms, we 
drew a smooth curve through the data for the potentials in the arm for 
a fixed B, and then used this curve to roughly integrate the field in 
the arm. We found a total field in the arras which balanced off the 
positive field in the body of the sample to within our experimental 
uncertainty. The data thus confirm the expectation that <E > for the 
whole sample is independent of B. 
The data of Fig. 11 also provide a possible resolution of a 
controversy in the literature concerning the magnitude of the LMR in 
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single crystal Al when В is directed along the (110) crystal axis. 
15 Kesternich, Schilling, and Ullmaier reported an unusually large LMR 
(S = 2.4x10" ) for a single crystal of Al when a magnetic field was 
oriented along the (110) axis. Their measurements were made using a 
four-probe technique with long, thin samples such as ours. The large 
LMR were very sensitive to orientation, dropping off rapidly as В was 
moved away from (110). Kesternich et al. attributed the large LMR to 
magnetic breakdown along (110). Datara and Douglas attempted to 
reproduce this large LMR using a probeless technique on spherical 
samples, without success. They found a much smaller enhancement along 
(110), and concluded that the effect reported by Kesternich et al. could 
not be intrinsic to Al. To date, no resolution of this discrepancy has 
been proposed. 
A possible resolution lies in the shape of the sample used by 
Kesternich et al. Fig. 1 of Ref. 15 shows that their sample had arms 
similar to those of our samples, and that their arms pointed exactly 
along the (110) crystal direction. Thus when В was parallel to (110) it 
pointed directly along the arms. Moreover, S for the Kesternich et al. 
sample was about equal to the upper bound predicted by Eq. (24)· It 
thus seems likely that a substantial portion of the large LMR they saw 
for §//(110) was due to a "surface defect" contribution rather than to 
magnetic breakdown. The breakdown portion would then be much closer to 
the smaller LMR seen by Datars and Douglas, thereby greatly reducing 
the discrepancy. 
(c) Data not well understood. 
While our model provides a good description of the LMR when the 
magnetic field points directly along the potential arms of the sample, 
complexities arise regarding the angular variation of this LMR for very 
long, symmetrically located arms. Fig. 14 shows results for different 
samples. For a symmetrical sample with short arms (arm length = L /2), 
the LMR decreased monotomcally with angle away from its maximum value 
at θ = 90 (i.e. В parallel to the arms). The maximum S for this sample 
was appoximately half the maximum predicted by Eq. (24). Similar 
behavior was observed in an asymmetric sample with long arms (arm length 




Fig. 14. Angular Variation of transverse LMR for rotation in a mag­
netic field for symmetrical samples (having only pairs of oppositely 
placed arms) and asymmetrical samples (having also unpaired arms). In 
addition, there are samples with long arms (4 times longer than the sam­
ple width L ) or short arms (shorter than L ) . Θ = 90 means S directed 
L У 
along arms. The LMR is expressed in DT g, where L is the distance 
У 
between voltage contacts, L is the width of the sample and # is the 
number of pairs of opposite arms plus the number of unpaired arms 
between voltage contacts with the voltage contacts themselves counting 
together as one additional arm. S is the electrical or thermal Kohier 
slope: 
Electric: S = ^ -—£ where RH is the Hall coefficient; 




^5 where ART is the Righi-Leduc coefficient. 
Dotted line: Asymmetric sample, long arms, electrical LMR, from Ref. 15. 
Upright open triangles: Symmetric sample, long arms, electrical LMR. 
Reversed open triangles: Symmetric sample, short arms, electrical LMR. 
Upright filled triangles: Symmetric sample, long arms, thermal LMR. 
Open circles: Asymmetric sample, long arms, electrical LMR. 
The lines are only to guide the eyes, they are not the results of any 
calculations. 
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length = 3·5 L ), displayed an unexpected non -monotonie variation of 
LMR with angle, which was also manifest in the thermal magnetoresistance 
of a sample of similar shape. It is interesting to note that the size 
of the LMR at parallel orientation (90 ) is nearly the same for all four 
samples; it is thus only the behavior away from parallel which is 
"anomalous". 
For comparison, the dashed line shows data for the sample of 
Kesternich et al. (12). Its LMR at 90 is higher than that of our 
samples, and drops off more rapidly with angle away from 90 . Their 
sample shape was intermediate between our symmetric and asymmetric 
samples, with much smaller thickness. 
To ascertain how important it is to the LMR that surface defects 
extend completely across the sample, we made a few observations on 
grooves and one projection which extended only part-way across the 
sample width. In such a case, the last term on the left-hand side of 
Eq. (14) is no longer zero and we may not have a rotation-free average 
electric field. Fig. 15a shows the shape of the four partial defects 
studied. Defect g2' is defect g2 with another groove added. 
The first point to note is that when В was directed perpendicular to 
the sample surfaces the LMR for the partial defects was always 
considerably smaller than the LMR for a full defect of the same depth 
(height). This is illustrated m Fig. 15b. 
The second point of interest is that the LMR for partial defects was 
an asymmetric function of angle as В was rotated away from the 
perpendicular to the sample plane (i.e. away from θ = 0). This 
behaviour is illustrated in Fig. 16 for defects gl and p. The asymmetry 
was particularly pronounced for defect g1 which extended nearly all the 
way across the sample width. 
Finally, we describe some changes observed in the LMR of samples upon 
annealing. The most reproducible result was that the LMR for flat 
portions of a sample always decreased upon annealing, typically by 50$ 
or more. This behaviour is consistent with the suggestion made in 
section II above that different sources of LMR — here dislocations and 
whatever else is present — might be simply additive in their effect. In 
















Îig. IS. (a) Shapes and relative sizes of partial grooves (g) and 
projections (p). 
(b) Kohier slopes S for the partial defects (open circles) 
aompared with expectation for full defects (crosses) having the same Δ 
with magnetic field В perpendicular to the plane of the arms. 
upon annealing, but sometimes decreased. Such divergent behaviour is 
not what would be expected for simple additivity. When "net" LMRs were 
calculated by subtracting out the LMRs for flat pieces on the same 
annealed or unannealed sample, then these "net" LMRs almost always 
increased upon annealing. The various behaviours just described are 
illustrated in Fig. 17. We currently have no explanation for the 
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Fig. 16. Magnetoresistance R at В = 5T as a function of angle 
(0=0 is perpendioular to the plane of the arms of the sample) for par­
tial defects gl and ρ from Fig. 15a. Positive Θ means tilting the mag­
netic field Î to the right in Fig. 15a. The squares represent voltages 
measured on the left side of the sample with magnetic field up (open 
squares) and down (filled squares), 
respectively. The circles represent voltages measured on the right 




F-ig. 17. The Kohier slope S as a 
function of sample width L for 
grooves with д= 0.1. The triangles 
indiaate unannealed samples with 
(filled triangles) and without (open 
triangles) unannealed flat-piece LMRs 
subtracted, respectively. The circles 
indicate the same samples after an­
nealing, again with (filled circles) 
and without (open circles) annealed 
flat piece resistances subtracted, 
respectively. 
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V Summary and conclusions. 
We have presented here a model of surface-induced transverse 
magnetoresistance in metallic plates, and shown that this model 
describes quantitatively the magnetoresistance observed for well 
annealed aluminum plates in the form of wedge-shaped samples, samples 
with surface steps, and samples with grooves or projections which extend 
completely across the sample width. The physical source of the 
magnetoresistance lies in the fact that the averaged electric field in 
the plates is essentially rotation-free. This forces differences in Hall 
voltage at places of different sample thickness to appear along the 
length of the sample, thereby generating a large magnetoresistance. We 
showed that this magnetoresistance is larger than that obtained by 
applying to surface defects the standard theory of LMR for volume 
defects. The following observations are in accord with our model: 
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(i) Direct measurements of Hall voltage difference between portions 
of the sample having different thicknesses showed that these differences 
increased linearly with magnetic field strength В and were in good 
agreement with magnetoresistance voltages measured along the sample 
length. 
(2) As predicted by our model, the magnetic field-induced voltages on 
opposite sides of both a wedge-shaped sample and a sample containing a 
step defect were asymmetric and not strictly linear in B. They were also 
in quantitative agreement with the predicted magnitude. 
(3) As predicted by our model, the magnetoresistance observed with 
grooves (projections) was linear in В and also directly proportional to 
the fractional groove (projection) depth (height), to the sample width 
and approximately to the number of defects per unit length of the 
sample. Again the observed magnitudes were m quantitative agreement 
with prediction. 
(4) The effect of large surface defects on magnetoresistance was 
studied by rotating the sample 90 so that the magnetic field pointed 
along the sample arms. In such a case both a very large linear electric 
magnetoresistance and a very large linear tnermal magnetoresistance were 
observed. These two raagnetoresistances were related by the Wiedemann-
Franz law and were within a factor of two of the large-defect limit 
predicted by our model. 
Additional observations were made which are beyond the scope of our 
model and are not yet completely understood. 
(1) When the magnetic field was rotated from the direction parallel 
to the sample arms toward the direction perpendicular to the arms, the 
magnetoresistance (electrical and thermal) for symmetrically shaped 
samples with long arms reached maximum values at intermediate angles. 
(2) The magnetoresistance observed with grooves (projections) 
extending only partway across the sample were generally smaller than 
those for grooves (projections) of the same depth (heigth) extending all 
the way across, and were sometimes a highly asymmetric function of angle 
when the magnetic field was rotated. 
(}) The magnetoresistance observed with grooves (projections) in 
unannealed samples was usually smaller than those in equivalent annealed 
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samples, and showed larger variations under similar conditions. 
We conclude that our model provides a very good description of those 
magnetoresistance observations to which it is applicable, especially 
data for grooves (projections) of fractional depth (heigth) д extending 
completely across a sample. For a sample of width L and length between 
potential leads L, the model predicts a dimensionless Kohier slope for 
the linear magnetoresistance of: 
L 
This means that for L =L, a single groove or projection with Д=10 will 
-3 ^ produce S=1Ü , which is comparable to the smallest LMR reported in the 
literature for simple metals such as aluminum. Surface defects thus are 
likely to have played a significant role in many reported observations 
of linear magnetoresistance in simple metals. 
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CHAPTER 3: ADVANCED TOPICS OF LINEAR MAGNETORESISTANCE 
57 
Longitudinal vs Transverse Magnetoresistance, saturation value, RRR and 
definition of Kohlerslope. 
For the samples with legs as we used mostly in our LMR experiments, 
there are three obvious configurations for measuring magnetoresistance. 
These are transverse a): magnetic field В perpendicular to current I and 
В parallel to the legs; transverse Ъ): В perpendicular to 1 and 
perpendicular to the plane of the legs; and longitudinal с): В parallel 
to f. 
If no sample deformations (other than the legs) are present, our model 
predicts a large LMR in case a) but no LMR in case b) since only 
thickness variations parallel to В cause differences m Hall voltage, 
see Ref. 1 and 2. In case c) no LMR is predicted because there is no 
Hall voltage at all. 
However, experimentally there is mostly found a longitudinal LMR 
4 
which is of the same order of magnitude as the transverse LMR. Lass 
even found a stronger correlation between transverse and longitudinal 
LMR m potassium: he measured both at the same sample under the same 
conditions and the Kohlerslope S of the transverse LMR was 
systematically J>0% lower than the longitudinal one. As reported by 
5 
J.van Haaren this agrees exactly with the Stroud and Pan prediction for 
the effect of spherical voids. These considerations prompted us to do 
some longitudinal and transverse measurements on a sample with legs. 
The results of the measurements on one and the same sample in the three 
configurations described above are shown in Fig. 1. The sample holder 
was transferred from one cryostat to another but the sample was not 
touched in the proces, only thermally cycled one time to room 
temperature and back to 4.2 K. The transverse LMR measured in 
configuration a) (S = 5·2χ10~ ) is much larger than that in 
configuration b) (S = 1.1x10 ), which in turn has the same Kohlerslope 
as the longitudinal LMR. Considering the big difference in value of S 
between case a) and cases b) and c) we can say that qualitatively the 
predictions of our model are correct: large LMR in case a), much smaller 
LMR in case b) and c). We will say some more about this point later, 












Fig. 1. Tvansvevse (2 times) and longitudinal LMR measuved at a sample 
with, thvee legs. Magnetic field diveation is shoun on the inset. Case 
a) is measuved up to 10 Tesla, see Fig. 2 cuvve b). 
magnetoresistance. 
The magnetoresistance of aluminum can Ъе separated into a linear term 
and a term which rises quadratically with low field and saturates at 
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higher field. Most LMR theories take the saturation value for granted 
(as does our model) because it is determined by completely other 
mechanisms. Now aluminum is to a good approximation a free electron 
metal with a nearly spherical Fermi surface and this makes it worthwhile 
to do some Drude-like calculations. (For data on aluminum, see for 
instant Ashcroft and Mermin .) 
In the free electron approximation the resistivity ρ = — — , the Hall 
ne χ 
constant R„ = — and the cyclotron frequency ω = — , where m is the 
effective mass, e is the charge, η the density and τ the relaxation time 
of the charge carriers. Combining these gives 
Ρ β = R H В ( 1 ) 
with β = ω„τ· 
r
 с 
Complications arise from the fact that the Fermi sphere of aluminum does 
not fit into the first Brillouin zone, giving rise to electron-like and 
hole-like orbits. Measurements of the Hall constant show that in high 
field the charge density of aluminum is effectively one hole per atom. 
From the chemical valency the zero field charge density is taken to be 
three electrons per atom. This means that the absolute value of the high 
field Hall constant is three times the low field value. So we have 
R H В (2) 
β ет 
with RH is the high field Hall constant. Assuming that * 
constant, it follows that 
P 3 = 3 P 0 (3) 
With an uncertainty of 10$, we get the same number from all our 
transverse measurements, for instance from Fig. 1. Fickett gives the 
same number for high purity samples (our RRRs range from 10.000 to 
20.000). Douglas and Datars calculated the ρ for single-crystal 
aluminum. The values differ slightly for different crystal directions 
but they average to about ρ • 3·5ρ for the transverse case. This is 
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higher than all experimental values. It would be interesting to fit the 
calculations of D. and D. to η = 3D · Unfortunately this is not 
r
s ^o 
easily done for their numerical method. 
For the longitudinal ρ the calculations of D. and D. give an averaged 
value of ρ = 1.8p . If we take the value of ρ at В = IT as an estimate 
for ρ , we get ρ • 1.7p from Fig. 1. The agreement is not too bad, 
but we have only one longitudinal measurement. Hef. 3 gives numbers 
which fall in the same range. 
We used Eqs. (2) and (з) to determine -§ from the residual resistance 
ratio (ERR), the known room temperature resistivity of aluminum 
ρ-,,, = 2.7μΩοιη and the high field Hall constant of aluminium 
RT
 3 
R H = 1.0x10"
10
 ^-. This gives 
HH H
 RRR (4) 
3 P R T 
Numerically: 
4 = 1.3x10~5.RRR. (6) 
In fact the saturation value of the magnetoresistance is often a better 
measure of the RRR than the resistance at zero field. This is because 
the saturation value can be determined more precise (it is three times 
as big as the zero field value and it can be reliably extrapolated from 
high-field data if the LMR is kept small) and it is much less sensitive 
to size effects than the zero field resistance (both in the longitudinal 
and the transverse case, see for instance Ref. 8). 
The relation ρ β = R
u
 В can also be used to construct a practical 
s л 
formula for S. The definition of S is 
P 0 öß 
Since most LMR theories treat ρ and R as parameters, this definition 




With the help of Eq. (2) this becomes 
s
 = 4^ (9) 
with Rj. = 1.0>ΊΟ~ "тг is the high field Hall constant of aluminum. We H с 
always used these formulas for our measurements, also for the 
longitudinal ones. This may be not too logical for the longitudinal case 
but that is no problem as long as it is done consistently. In the 
literature it is not always clear which definition of S is used, which 
makes it difficult sometimes to compare data. 
From Fig. 1 it is clear that for our mechanism there is no such 
relation as found by Lass in potassium between transverse and longitudinal 
magnetoresistance. Nevertheless, to see whether the small longitudinal 
LMR in сазе с) of Fig. 1 was associated with the presence of the legs we 
measured the longitudinal LMR before and after cutting off five of the 
eight legs. Two legs were needed аз contacts and the third could not be 
removed without severely damaging the sample. In Fig. 2 it is shown 
that the longitudinal LMR does decrease, but not by more than about 10$. 
This is much less than should be expected from the proportion of 5 to 8. 
Even if we compute the effectivity of the legs in the way that it is 
done for the transverse case in the next section of this chapter, we 
should find a decrease of 40%. So we must conclude that the existence 
of another source of longitudinal LMR cannot be ruled out. It is 
possible that for the LMR from this source there is a correlation 
between longitudinal and transverse LMR which in that case could account 
for the small transverse LMR in Fig. 1 case b). We have some 
experimental evidence pointing to crystal defects as a possible source 
of LMR: The small residual transverse LMR is sensitive to the presence 
of crystal defects, it decreases on annealing and increases on 




Fig. 2. Longitudinal LMR of eample with lege, before (a) and aftev (b) 
cutting off 5 out of 8 lege. 
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Calculation of the transverse linear magnetoresistance for very large 
variations in sample thickness. 
1 2 In previous articles ' we derived an expression for the transverse 
LMR due to thickness variations. 
S = -i Δ (1) 
Here S is the Kohlerslope defined аз S = ri = •=—r£, p„ is the 
ρ op Кц ob s 
s η 
saturation value of the magnetoresistance, R H is the high field Hall 
constant. L is the width of the sample perpendicular to the magnetic 
field B, L is the sample length along the current direction and 
d^d 
Δ = — ; is the thickness variation parallel to the magnetic field B. 
d1 
For our measurements we used an aluminum bar with legs which served as 
voltage contacts. If the magnetic field is directed perpendicular to 
the plane of the sample legs, they represent a variation of sample 
dimension perpendicular to В and hence cause no LMR. However, if we 
rotate the sample in such a way that the magnetic field В is directed 
parallel to the legs, the legs represent a huge variation in thickness 
parallel to B, causing a large LMR. For long legs d. > à and Δ reaches 
theoretically a maximum value of 1. 
In Fig. 1 the measured angular variation of the averaged value of Δ for 
samples with a number of legs is depicted. This averaged Δ is equal to 
S γ—y, where # is the total number of thickness variations between 
voltage contacts (number of pairs of oppositely placed legs plus number 
of single legs, counting the (pairs of) legs actually used as voltage 
contacts together as one thickness variation). For all samples except 
the one of Ref. 3 the value of Δ at θ = 90 degrees is much smaller than 
the maximum value predicted by our model, Δ = 1 . In this article we 
r
 max 
will show that in fact the theoretical maximum value must be reduced to 
about .5 and that the peak height of the value computed from the 




Fig. 1. Angular Variation of transverse LMR for rotation in a 
magnetic field for symmetrical samples (having only pairs of oppositely 
placed arms) and asymmetrical samples (having also unpaired arms). In 
addition, there are samples with long arms (7 mm long and .7 mm wide) or 
short arms (about 1 mm long and .7 mm wide). θ = 90 means Ê directed 
along arms. The LMR is expressed in Sj—g, where L is the distance 
У 
between voltage contacts, L is the width of the sample and # is the 
number of pairs of opposite arms plus the number of unpaired arms 
between voltage contacts with the voltage contacts themselves counting 
together as one additional arm. S is the electrical or thermal Kohier 
slope: 
Electric: S = „ £ where Я,, is the Hall coefficient; 
Thermal: S = -—-§ where ADT ie the Righi-Leduc coefficient. ARLöB RL 
Dotted line: Asymmetric sample, long arms, electrical LMR, from Ref. 3. 
Upright open triangles: Symmetric sample, long arms, electrical LMR. 
Reversed open triangles: Symmetric sample, short arms, electrical LMR. 
Upright filled triangles: Symmetrie sample, long arms, thermal LMR. 
Open circles: Asymmetric sample, long arms, electrical LMR. 
The lines are only to guide the eyes, they are not the results of any 
calculations. 
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altogether gives a much improved agreement of theory and all 
measurements. The reason for these changes is that one of the implicit 
assumptions in our model must be adapted for very large changes in 
thickness. 
This assumption is that the current density, and thus the Hall voltage, 
changes instantly inversely proportional to changes in thickness. This 
is reasonable if d, = d , but if d. » d the current lines will not 1 о l o 
penetrate the legs all the way, see Fig. 2. In the following we will 
show how our model can be modified to account for this effect. 
1À 
TT 
do d, TT 
do d, 
Fig. 2. Vertical current distribution in a sample with short leg 
(left), with long leg (right). 
6Θ 
We can estimate how far the current will penetrate the legs by means 
-α-1-сэ-ІО— 
rt «t rt 
(b ) 
Fig. 3. Network analogue for a sample with infinitely long lege. The 
horizontal resistors haoe value r , the vertical ones have value r*. R 
is the substitute resietanee of the whole chain. 
of a network analogue. First we take the magnetic field В = 0. We look 
for the substitution resistance E of an infinitely long chain of 
resistors which is the analogue of a very long leg, see Fig. 3a) and 
3b). This can be done by a trick: If the chain is already infinitely 
long, adding one element doesn't change anything, see Fig. 3c). This 
means: 
(Hllrt) 2r, (2) 
Now we apply the same trick to the leg of Fig. 4. As with the network, 
adding a slab dA to an already infinite leg makes no difference and we 
use formula (2). For r. we substitute the horizontal resistance of the 
•u t 
slab: r. = p. —т-г and for 2r, we substitute the vertical resistance: 
t rt adJl 1 
2r, = p, —r-. The suffixes t and 1 of the resistivities p. and p. point 1 rl ab t rl 
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do "V 
Fig. 4. Sample with leg of length I with a slab di added. 
of course to the fact that we will identify these resistivities with the 
transverse respectively longitudinal magnetoresistance once a magnetic 
field is applied. But for now В = 0 and substitution into Eq. 2 gives: 
1 1 /? 
If we let dA ->• 0, this gives R = — (p1Pt) • Expressed in the 
resistance R of a piece of length b without leg, R = p, —r- this 
о
 r a




* Ο £ > 1 / 2 Ι Γ 
о p t b 
(4) 
Reasoning along the same lines we can compute the substitute resistance 




 d*)= (RU) I p t ^ ) + P l | | (5) 
Taking the limit dl •* O, this leads to a differential equation for R(X) 
which has the solution: 
««-».φ
, / 2
ΐ·»«»<φ , Αί) «) 
For A > b we regain the result for infinite I. Written slightly 
different: 
R = R 2 (7) 
0
 A 1 / 2 b 





 ( 8 ) 
This means that for not too long legs the current distributes evenly 
over the sample cross section, as our model assumes. By comparing Eq. 
(7) and (8) the interpretation for λ > b becomes obvious: Infinitely 
long legs have an effective length A .. over which the current lines 




How we turn on a magnetic field В parallel to the legs. The Lorentz 
force only influences the motion of the electrons perpendicular to B, 
not the motion along the field lines. Hence we assume that our network 
analysis still correctly describes the distribution of the current over 
the length of the legs for this configuration, if we put in for ρ and 
ρ the saturation values of the longitudinal and transverse 
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magnetoresistance. This means that we can incorporate the effective 
length of the legs into the definition of Δ to get an effective Δ „„. 
d. -d · Ρ « 
Δ = —-: = for a sample with unpaired legs and Δ = -r-j j— for 
1 о о 
samples with pairs of oppositely placed legs. So: 
^eff Δ ff = "г J~ i"01" unpaired legs, and (10) 
e I 1
 eff + о 
21 
eff 
e f f 2 A
e f f + d o 
for paired legs . (11) 
p t 1/? 
with I „ = (—) ' Ъ for X > b, and 
e f f ρ 
J t
e f f = Ζ for SL < Ъ 
P t i/2 This a n a l y s i s l earns us three things ( for s i m p l i c i t y we take (—) 
pl 
which is a number of order unity, equal to one): 
1 ) Our original model is correct for small A, roughly if the length I of 
a leg is smaller than its width along the current direction, b. 
2) For loдg legs the actual length Л. must be substituted by the 
effective length which is equal to Л „„ = Ъ. 
3) The effect of a pair of oppositely placed long legs is stronger than 
that of a lonely leg. This is intuitively reasonable, but in our 
original model both a lonely long leg and a pair of long legs had the 
same effect since they gave the same limiting value for Δ, namely 
max 
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We can use Eqns. (10) and (11) to calculate д
 r r
· From the previous 
section of this chapter we get (—) = (y-γ) = 1 ·3· Representative 
values for Ъ and d are Ъ = .7 mm and d =2 mm. This gives values in 
о о
 B 
the range between .3 and .5 for Δ _„ in samples with long legs. 
L 
In Fig. 1 are plotted measured values of the averaged Δ , S •=— divided 
У 
by the total number of thickness variations. This total number is equal 
to the number of pairs of oppositely placed legs plus the number of 
lonely legs (counting contact legs only half). The values for the 
averaged Δ at θ = 90 fall between .4 and 1 . However, these values were 
computed on the basis of our unmodified model which assumes that the 
Δ „„ of a single long leg is the same as the Δ „„ of a pair of 
oppositely placed long legs. The present analysis learns that this is 
not true, see Eq. (10) and (11). From these equations we can compute a 
weight factor of a pair of oppositely placed long legs with respect to a 
2(Ъ + d ) 
single long leg. This weight factor is equal to —рт- :—. If we 
о 
readjust the experimental values of Δ _. of Fig. 1 on the basis of this 
analysis, the values will come out about 30% lower and now fall between 
.3 and .7, instead of between .4 and 1. The experimental values are 
now all in fair agreement with the predicted range of .3 to .5· The 
agreement becomes all the more satisfying if one thinks that the only 
value above .5 comes from the measurement of Kesternich et al. who used 
a sample which had a similar form but otherwise was very different from 
our samples: the Kesternich sample was a single crystal, we used 
polycrystalline material. Their residual resistance ratio was a factor 
of two lower ( about 5000 compared with 10.000). And the sample 
thickness perpendicular to the plane of the legs (.16 mm for the 
Kesternich sample, 2 mm for our samples) which is the dimension L to be 
put m our model for the configuration of interest in this article, 
differed by a factor of 12. Amsotropy effects in their single crystal 
samples cannot explain the strong peak observed (as was shown by Douglas 
and Datars, see Hef. 4 and 5), but these effects might explain the small 
discrepancy remaining with our analysis. 
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Jandl et al. (see Ref. 6 and, for the corrected formulas, Ref. 7) 
calculated the deviation in a resistance measurement caused by the use 
of legs of finite width as voltage contacts, for В = 0. These results 
can also be interpreted in terms of effective length of the contact arms 
(or legs), and it is interesting to compare the Jandl et al. results 
with the network analogue. The Jandl et al. article gives results for 
leg width b smaller than or equal to sample width d . The network 
analogue gives a prediction for arbitrary b and d . For b « d (shallow 
legs) the Jandl formulas predict a much smaller value for the effective 
leg length i ., than the network analogue. For b •* d the difference 
eff о 
becomes steadily smaller and from Eqn. (10) and (11) it can easily be 
deduced that for b > d (where the Jandl formula becomes increasingly 
unreliable) the network analogue predicts the correct behaviour for all 
remaining limits of b, d and Д. Now once again we turn on a magnetic 
field В parallel to the legs. The effect of a non zero magnetic field 
on the Poisson equation to be solved can mathematically be described as 
a shrinkage of the whole system along the direction of the magnetic 
field lines. This means that d shrinks but b not. For high enough field 
(the shrinkage factor is essentially ω τ) we always reach a point where 
b » d .At this point the Jandl formulas cease to be valid and the 
о
 r 
network analogue takes over. This means that, although the Jandl 
formulas are better for not too wide legs at zero field, the right model 
to use in high fields is the network analogue and its predictions become 
even better with increasing field. 
If we rotate the magnetic field away from θ = 90 in Fig. 1, we expect 
the LMR to decrease monotomcally as the component of the magnetic field 
parallel with the legs decreases. This is seen m three samples. 
However, for θ away from 90 degrees the Lorenz force has components 
along the length of the legs and the assumption is no longer justified 
that the current distribution over the length of the legs is unaffected 
by the magnetic field. This fact might contain the clue for the 
behaviour away from 0 = 90 of the other samples but currently we have no 
quantitative explanation. 
I am indebted to J.Verschueren (private communication) for suggesting 
the idea of the network analogue. 
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LMR due to inclusions. Comparison and discrimination between 
different models. 
The theory of LMR produced by inclusions with a conductivity 
different from that of the host medium, as described in Ref. 1 ,2,J>,A and 
5 predicts that the Kohlerslope S = — '— is essentially proportional 
ρ οω τ 
к
о с 
to the volume fraction f of the inclusions: 
S = a f (1) 
α is a factor of order unity which depends on the precise form and 
conductivity of the inclusions. For transverse magnetoresistance 
(magnetic field В perpendicular to current l) and spherical non­
conducting voids, one finds α = .49· Spherical perfectly conducting 
inclusions give о = 1.3· Cylindrical voids with their long axis 
perpendicular to В and 1 have a = 1 . 
In all these calculations only one isolated inclusion is considered. 
The boundaries of the sample are assumed to be infinitely far away and 
only the boundary conditions at the surface of the inclusions are taken 
into account. With these simplifications the Poisson equation becomes 
solvable in the neighbourhood of the inclusion but it only yields 
simplified solutions with a high degree of symmetry. For cylindrical 
inclusions, oriented perpendicular to both current I and field В (the 
Hall direction), the coordinate along that direction simply vanishes 
from the scene. For spherical inclusions which have a very high degree 
of symmetry themselves the situation is a bit more complex but also 
there (see for instance the computer generated current patterns in Ref. 
2 and b) the symmetry is very clear. One way to describe these effects 
is in terms of the polarization field which arises inside the 
inclusions. Although not all authors use this terminology, we will use 
the word polarization here to indicate them all and to distinguish them 
from the model below, which will be labelled with the name Hall. 
In Chapter 2 we described how changes in Hall voltage due to 
thickness variations generate a current pattern which exhibits a very 
strong asymmetry along the Hall direction. The asymmetry is caused by 
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the fact that in this case the boundary conditions at the sample walls 
are taken into account, together with the condition tbat the total 
current is conserved. Again some simplifica+ions had to be made to 
solve the equations. The boundary conditions were relaxed a little bit 
by not requiring the Hall field to be continuous from point to point, 
but only making the Hall voltage, averaged over the direction of the 
magnetic field, continuous along the direction of the macroscopic 
current. This means that the effects of local variations in current 
density which do not change the total Hall voltage, are not incorporated 
in the model. The effect of the simplification is once again that one 
coordinate no longer figures in the solution, in this case the 
coordinate parallel with the magnetic field B. 
So we see that the calculations are complementary: one neglects the 
origins of the effects in the other and vice versa. Also their effects 
on the current distribution are complementary: the polarization model 
induces current distortions along the direction of the magnetic field, 
while the Hall model induces current distortions along the Hall 
direction. 
We want to investigate now whether the effects of the two kinds of 
mechanisms are distinguishable experimentally. One difference is the 
above mentioned asymmetry of the current distribution in the Hall 
direction. This asymmetry is clearly measurable at a steplike variation 
in sample thickness, as shown in chapter 2, but not at small 
disturbances like voids. We shall develop a formalism that makes it 
possible to apply the model of the LMH due to Hall voltage changes to 
voids (meaning holes which do not penetrate the sample walls), thus 
making comparison with the polarization calculations more feasible. 
We begin with the dissipation, current density J times electric field 
E integrated over the volume: 
Ρ = ƒ dV E«J (2) 
V 
We take a constant magnetic field, so ν χ E = 0. This means that the 
electric field can be written as the gradient of a potential: E = Ф. 
Inserting this into Eq. (2) and doing some vector mathematics gives: 
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Ρ = ƒ J.η φ dS - ƒ dV ν·ί Φ (3) 
S V 
Неге S is the surface enclosing the volume V and η is the normal vector 
to this surface. Charge conservation says that V'J = 0, so 
Ρ = ƒ 15-η Φ dS (4) 
S 
Only the surfaces where current enters or leaves the volume contribute 
to the integral. 
To calculate the LMR according to Eq. (4) we assume that the current 
distribution is completely homogeneous some distance away from a 
disturbance. In Chapter 2 we have shown that a distance equal to the 
width of the sample is sufficient in the case of a step-like variation 
in sample thickness, and probably much less for small voids. At that 
distance the potential Φ has a simple dependence on the coordinate in 
the Hall direction: In this direction, Φ varies as the Hall voltage 
V„ = Ε Β -τ—=— у, where R„ is the Hall constant, В is the magnetic 
У 
field, I is the total current, d is the thickness of the sample measured 
parallel with the magnetic field B, L is the width of the sample in the 
Hall direction and у is the coordinate in the same direction. We take Φ 
constant along the magnetic field lines and with this approximation we 
calculate the contribution of the Hall term to the power integral Eq. 
(4). The approximation means again that we average out all effects of 
local variations of the current density, so LMR due to the polarization 
models is not contained in this term. For the geometry of Fig. la) the 
contributions of the Hall term from the two sides of the sample exactly 
cancel: the change in current density is compensated by the change in 
sample width perpendicular to the magnetic field B. In Fig. lb) there 
is no canceling and the contribution of the Hall terms to the power is 
PH ' 1 h B l 2 ^ - ^  = l 2 R <5) 
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Fig. 1. Samples of different arose section. In a) the Hall voltage is 
the вате at both sides of the step. In b) the Hall voltage is different 
before and after the step. 
gives: 
Δ ρ ÌT?RHB( d1 - d 2 , (6) 
where d is the average of d1 and d2 and L is the length of the sample. 
This is exactly the result derived in Chapter 2 for a steep step. If we 
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repeat the procedure for two consecutive steps not too close together we 
regain the results for grooves and ridges, so we can have confidence in 
our formalism. 
A possible image to describe the Hall formalism is the following. 
C.M.Hurd cites Edwin Hall (see Ref. 6) writing about his effect: "a 
state of stress in the conductor, the electricity pressing ... toward 
one side of the wire" (Hall 1879)· This "pressed electricity" can be 
thought of as carrying with it an amount of potential energy, which must 
be named of course Hall energy. As long as the flow of Hall energy into 
one side of a sample is equal to the flow outwards at the other side, it 
isn't noticed. This is the case for a wire with constant cross section 
or if the cross section changes as in Fig. 1a). If the inward flow is 
not equal to the outward flow, the difference must be dissipated in 
between. Since the Hall energy is proportional to the field strength B, 
the dissipation shows up as linear magnetoresistance. 
Proceeding with some subtlety we can calculate the effect of a void 
Fig. 2. Reatangular void inside a sample. 
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which is small compared to the sample dimensions, see Fig. 2. This 
gives for the change in resistivity due to a void: 
Δ ρ = R H В -j£ ab2 (8) 
where a respectively b are the fractional dimensions of the void with 
2 
respect to d respectively L . If the void is a little cube then ab is 
the volume fraction, but according to Eq. (8) the dimension of the void 
along the current direction and thus the volume fraction can be changed 
ρ 
without changing the LMR produced by it. The b means that the effect 
of an elongated void is much stronger if it is directed along the Hall 
direction than when it is oriented parallel to the magnetic field (or 
parallel to the current). 
Next we discuss whether these properties can be used to discern the 
effects of the Hall formalism from those of the other void calculations. 
The difficulty is, as is described in Ref. (7), that the polarization of 
elongated inclusions depends on their orientation in the magnetic field 
and this influences their effect in qualitatively the same way as the 
Hall model. The orientational effect was observed for instance by Weiss 
and Wilhelm, see Fig. 3 and Ref. 8. They performed their measurements 
on InSb with aligned needles of much better conducting NiSb. 
So it seems to be not so simple to tell the effects of the different 
calculations apart in the regime of small voids. Let us try again the 
other limit: that of holes all the way through a sample. In chapter 2 we 
showed that in that limit the Hall voltage effect is often much larger 
than the polarization. However, if we make a hole in a wire without 
changing the cross section carrying the current, the Hall voltage does 
not change and only the polarization effect should be visible. 
There is one more important difference. A.van Gelder (for a summary 
of some of his results see Ref. 7, see further Ref. 10) showed that also 
in polarization calculations the boundaries of the sample must (and can) 
be taken into account. He assumes the Hall field to be constant 
everywhere, so effects of changes in Hall voltage are excluded. A very 
interesting result is that the transverse LMR of voids due to 
polarization saturates in high fields. Van Gelder showed that 
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Fig 9 a—с Drei mbgliche Lagen von 
Stroinnchtung, Achsen der NiSb-
Nadcln und magnetischer Induktion 
im InSb-NiSb-Eutektikum 
Fig. 3. Magnetoreeietanee fov 
InSb with NiSb needles after 
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Fig. 10 Relativer spezifischer Widerstand ps/e, des InSb NiSb Eutcktikums in Abhängigkeit von der ma-
gnetischen Induktion InSb eigenleitend Kurve β: MeDanordnung nach Fig 9a. Kurve 6: MeDanordnung 
nach Fig 9b Kurve c. MeDanordnung nach Fig 9c Kurve d. Ungerichtet erstarrtes InSb NiSb Eutektikum 
mit statistisch verteilten NiSb-Einschlussen 
Fig lt. Relativer spezifischer Widerstand ββ/ρ, in Abhängigkeit vom Winkel zwischen Strom und magne-
tischer Induktion. Kurvet. NiSb-Naddn und magnetische Induktion bei 90° parallel Kurve c. 
NiSb-Nadeln und magnetische Induktion bei 90° senkrecht aufeinander 
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saturation sets in in the polarization model for samples of finite 
dimensions at ω τ » — . Here d is the diameter of the sample parallel 
с a 
to the magnetic field lines and a is the dimension of the void parallel 
to the current. The saturation is related to the fact that the Laplace 
equation m a magnetic field is transformed in a way which 
mathematically can be described as a contraction of the whole system 
along the direction of the magnetic field. This is one of the two 
coordinates which are important m the polarization models, and this 
ultimately leads to the saturation. In the Hall effect model the 
direction of the magnetic field has disappeared already, so a 
contraction along this coordinate has no consequences. 
Surprisingly enough, the experiment yielding exactly the two kinds of 
evidence mentioned above has been done five years ago, partly 
inadvertently, by C.Beers and H.van Kempen. They did experiments on 
Indium wires with holes to check the predictions of Sampsell and 
? 1 
Garland and Stroud and Pan Results of their measurements below 7 Tesla 
are described in Ref. 9, where they also report on the effect of 
orientation of the cylindrical holes in a magnetic field. The holes 
were punched in 1 mm wires with a glass needle of .13 mm. However, 
because the very pure Indium they used is very soft and the needle point 
very sharp, material was not punched out but pushed aside. This had the 
consequence that the Indium wire was deformed. It wasn't straight 
anymore but bulged out around the holes, like this: 
Deformation of indium wire caused by punching out holes 
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This had no consequences for the volume fraction they were interested in 
at the time, only the change in cross section (which determines the 
change in Hall voltage) was much smaller than expected from the ratio of 
needle to wire diameter. In Fig. 4 is shown a typical result in fields 
above 7 Tesla. 
J | | I L 
0 5 10 15 20 25 
B(T) 
Fig. 4. Transverse magnetoresistance for Indium aires with cylindrical 
holes punched through the wire. The magnetic field is directed 
perpendicular to the long axis of the cylinders. 
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The measurement shown is a historical one, because it is the first one 
done in fields up to 25 Tesla in the Nijmegen hybrid magnet. The steep 
_2 
slope below 5 Tesla has a Kohier slope of S = 2.4*10 . The slope above 
_2 
the kink is S = .9x10 . Assuming simple additivity, subtraction of the 
last one from the first gives the polarization contribution to the LMR. 
_2 
The difference, 1.5x10 , agrees well with the value computed according 
_2 
to Ref. 1 and 2, which is S = 1.7x10 . The value of ω τ above which 
2d C 
saturation begins, is ω τ = — = 16. For the sample with RRR = 12000 at 
4.2 К that they used this means В > 2 Tesla. Deviation from linearity is 
visible above 5 Tesla, well enough in agreement with prediction. 
Because of the circular cross section the calculation of the LMR due to 
the change in Hall voltage was done with the help of the Hall energy 
formalism. For the Kohlerslope S this gives a value of .4 times the S 
predicted for a wire with rectangular cross section and equal relative 
thickness change. If the above mentioned bulging out is taken into 
account, the result of this calculation is in agreement with the the 
slope at fields above 7 Tesla in Fig. 4. 
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Fig. S. Ouvrent distribution in the stratified medium model. 
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Another interesting comparison can be made between Herrings 
stratified medium model and the magnetoresistance caused by sample 
thickness variations as described in Chapter 2. Superficially they are 
very much alike: one relies on changes in Hall voltage, the other on 
changes in Hall constant (Herring). However, their prediction for the 
magnetoresistance is totally different. The stratified medium model 
gives quadratic dependence on B, our model gives stricly linear 
magnetoresistance. As is seen in Fig. 5 and 6, the current pattern for 
both cases is completely different. The stratified medium has no 
boundaries perpendicular to the averaged current. In fact the boundary 
conditions used by Herring closely resemble those used in the Corbino 
geometry. Hot surprisingly, both give a quadratic magnetoresistance in 
high field. Herrings formula for small fluctuations of charge carrier 
density η can be written in the form S = α f, when applied to a metal 
with voids, if the charge carrier density η inside the voids is taken to 
be zero. Here α is again a factor of order unity, and f is the volume 
fraction of the voids. 
J 6 I 
Fig. 6. Ouvrent pattern in regione of different Hall voltage. 
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Thermopower and magnetic breakdown in aluminum. 
We comment shortly on a measurement of giant oscillations in the 
thermopower and thermal magnetoresistance of aluminum single crystals in 
a transverse magnetic field. These oscillations are associated with the 
occurrence of open orbits due to magnetic breakdown and with magnetic 
interaction and interference (see for instance Ref. 1 and 2). One 
reason to do these measurements was to search for a frequency which was 
reported in Ref. 3· The frequency of this so called ε oscillation is 
7 1 
2.37x10"' Gauss" and is caused by magnetic interaction according to 
Ref. 3· Gostishchev et al. report that the ε frequency is very strong 
at the outside of the double peak which is observed when the orientation 
of the magnetic field is varied a few degrees around the [lOOj 
direction. 
We measured both the transverse thermopower oscillations and the 
temperature of the hot end of our sample. Since the cold end was kept at 
a constant temperature, this curve is an indication for the behaviour of 
the transverse thermal magnetoresistance. Our sample has a RRR of 19000 
and is cut auch that the heat current flows in a Ll00j direction. Like 
Gostishchev et al. we varied the magnetic field direction around an 
L100J axis. Fig.1 shows the oscillations in the transverse thermopower 
and the hot end temperature for a field direction exactly along L100J, 
at the minimum of the above mentioned double peak. We do observe the ε 
frequency but its amplitude is very small, also at the direction where 
Ref. 3 reports it to be so strong as to change the overall appearance of 
the thermopower curve (our measurement for this direction is not shown, 
but looks very similar to that of Fig. l). The ε frequency is faintly 
visible in the temperature curve around 20 Tesla in Fig. 1 . We 
determined its frequency by means of digital filtering of the 
thermopower signal and our value of 2.4X10"' Gauss" agrees well with 
the value reported by Ref. 3· We have no explanation for the difference 
in amplitude. Our RRR was about the same as the RRR of the samples of 
Gostishchev et al. The only difference was that we used a smaller 
temperature gradient (up to ten times smaller). 
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Fig. 1. Oscillations in the transverse thermopouer and the temperature 
of the hot end of an aluminum single crystal. The magnetic field is 
oriented precisely along a [100] direction. The thermal current also 
flows in a [100] direction. 
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A renarkable characteristic of the observed oscillations is the 
difference in relative strength of the e and the γ (the high-frequency 
oscillations in Fig. 1) frequencies between the thermopower and the 
resistance curves. This is not in agreement with the simple 
relationship that Fletcher (see Ref. 4 and 5) derives for thermopower 
and magnetoresistance. We made sure that the difference was not caused 
by differences in response time between our electrical and thermal 
measuring systems. The phase shift of -n- between thermopower and thermal 
magnetoresistance which Fletcher predicts is clearly present. 
The presence of giant oscillations in the transport properties of 
aluminum can be an indication for the existence of open orbits due to 
magnetic breakdown. Open orbits occur m aluminum only for a few 
orientations of the magnetic field with respect to the crystal axes. 
For these orientations the thermal and electrical resistivity can reach 
values which are many times higher than the resistivities without 
magnetic breakdown. For a polycrystallme material this means that a 
small fraction of the crystallites has a resistivity different from its 
surroundings. The effect on the average resistivity of a 
polycrystallme sample is calculated for instance in Ref. 6. The result 
is a more or less linear magnetoresistance which is proportional to the 
volume fraction of the crystallites for which open orbits are present at 
a given magnetic field direction. 
For aluminum we can make ι rough estimate. The double peak observed 
in our own measurements and in those of Ref. 3 indicates that open 
orbits are present m aluminum for magnetic field directions which vary 
a few degrees around IjOOj an|i Ll10j axes. If we take an average value 
of 3 degrees around each axis and count all equivalent axes we get as an 
estimate for the volume fraction f of open orbit crystallites in a 
randomly oriented polycrystallme sample, about f = 10"'. Since the 
Kohier slope S of the LMR is roughly equal to the volume fraction f, we 
conclude that open orbits can give a contribution to the LMR of a 
polycrystallme sample of S - 10""'. This is of the order of the 
residual LMR we observed in samples without deliberately introduced 
sample thickness variations. However, the LMR of these flat samples 
always decreased on annealing and this cannot be explained by changes in 
crystal structure caused by the annealing. 
92 
References 
1. В.J.Thaler and J.Bass, J. Phys. F: Metal Phys. 5 , 1554 (1975). 
2. D.Shoenberg, Magnetic oscillations in metals, Cambridge University 
Press , (1984). 
3· V.I.Gostishchev, M.A.Glin'skii, A.A.Drozd, and S.E.Dem'yanov, Sov. 
Phys. JETP 47 , 579 (1978). 
4. R.Fletcher, Phys. Rev. В 28 , 1721 (1983). 
5. R.Fletcher, J. Low Temp. Phys. 43 , 363 (1981). 
6. D.Stroud and F.P.Pan, Phys. Rev. В 20 , 455 (1979). 
93 
Summary 
This thesis describes the results of an investigation into the 
behaviour of the electrical and thermal resistivity of the metals 
aluminum and indium at low temperatures m high magnetic fields. Normal 
transport theory predicts saturation of the resistance with increasing 
field for these metals. However, since 1929 (Kapitza) it is known that 
the resistance keeps growing directly proportional with magnetic field 
strength even in high fields. Experimentally this linear 
magnetoresistance (LMR) proves to depend on various very different 
parameters, for instance the residual resistance ratio (НИН), the 
direction of the magnetic field with respect to the crystal axes, the 
homogeneity of the magnetic field and thickness variations of the sample 
being measured. Until now no theory exists which explains all 
experimental features of LMR and there is no consensus in the literature 
about the relative importance of the different parameters as sources of 
LMR. This thesis shows that sample thickness variations can cause much 
larger LMR than predicted by previously existing theories. This leads to 
the explanation of hitherto ununderstood results. 
In chaper 1 a survey is given of a number of theories which 
constitute the context within which this investigation was started. 
In chapter 2 a model is developed which explains how differences in 
Hall voltage due to sample thickness variations can cause considerable 
transverse LMR. Experiments are described which are done to test the 
model. Both qualitatively and quantitatively the agreement between 
theory and experiment is satisfactory in most cases. Partly 
ununderstood is the change of the LMR due to the legs which were used as 
voltage contacts, when the sample was rotated in a magnetic field. 
In chapter 3 some topics are considered in more detail. An extension 
of our model is developed which makes it applicable to very large 
variations in thickness. Further it is discussed how one can 
distinguish the effects of different models. This leads to an 
explanation of the kink in the slope of the magnetoresistance which is 
observed in measurements on indium wires with holes in magnetic fields 
up to 25 Tesla. Another question which was raised by the experiments, 
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about the dependence of LHR on RRH, remains unsolved. Finally 
measurements are shown of the oscillations which occur in the thermal 
power and the (thermal) magnetoresistance of single crystals of 
aluminum. 
Concluding it can he said that the agreement between theory and 
measurements is considerably improved if the effects of our model are 




Dit proefschrift bevat de resultaten van een onderzoek naar het 
gedrag van de elektrische en thermische weerstand van de metalen 
aluminium en indium in hoge magneetvelden bij lage temperaturen. 
Algemene transporttheorie voorspelt voor deze metalen verzadiging van de 
weerstand bij verhoging van het veld. Echter sinds 1929 (Kapitza) is 
bekend dat de weerstand in hoge velden blijft toenemen, en wel recht 
evenredig met de sterkte van het aangelegde magneetveld. 
Experimenteel blijkt deze lineaire magnetoweerstand (LMH) afhankelijk 
te zijn van een aantal zeer uiteenlopende parameters, zoals de residual 
resistance ratio (REE), de richting van het magneetveld ten opzichte van 
de kristalasaen, de homogeniteit van het magneetveld en diktevariaties 
van het stukje metaal waaraan gemeten wordt. Tot op heden bestaat er 
geen theorie die alle experimenteel gevonden kenmerken van LMR verklaart 
en over het relatieve belang van de verschillende parameters als bron 
van LMR is in de literatuur geen overeenstemming. Dit proefschrift 
toont aan dat diktevariaties in een preparaat een veel belangrijker bron 
van LMR kunnen zijn dan voorspeld op grond van tot nu toe bestaande 
theorieën. Dit leidt tot een verklaring van voorheen niet begrepen 
meetresultaten. 
In hoofdstuk 1 wordt een overzicht gegeven van een aantal 
verschillende theorieën over LMR die de context vormen waarbinnen dit 
onderzoek is gestart. 
In hoofdstuk 2 wordt een model ontwikkeld dat verklaart hoe 
verschillen in Hallspanning tengevolge van diktevariaties een 
aanzienlijke transversale LMR kunnen veroorzaken. Ook worden de 
experimenten beschreven die gedaan zijn om het model te toetsen. De 
overeenkomst tussen theorie en experiment is zowel qualitatief ala 
quantitatief bevredigend in de meeste gevallen. Gedeeltelijk onbegrepen 
blijft de invloed van de als spanningscontacten gebruikte pootjes op de 
LMR bij rotatie van het preparaat in het magneetveld. 
In hoofdstuk 3 worden een aantal detailkwesties verder uitgediept. 
Ondermeer wordt een uitbreiding van ons model beschreven, die het ook 
toepasbaar maakt op zeer grote variaties in dikte. Verder wordt 
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besproken hoe de effekten van verschillende modellen kunnen worden 
onderscheiden. Inzicht hierin leidt tot een verklaring van de knik in de 
helling van de magnetoweerstand die is gevonden bij metingen aan 
indiumdraden met gaatjes in magneetvelden tot 25 Тезіа. Een ander 
experimenteel feit, de afhankelijkheid van de LMR van de RRR, blijft 
vooralsnog onbegrepen. Tenslotte worden metingen getoond van de 
oscillaties die optreden in de thermopower en de (thermische) 
magnetoweerstand van monokristallijn aluminium. 
Als conclusie kan gesteld worden dat de overeenstemming tussen 
meetresultaten en theorie zeer veel beter wordt als de effekten van ons 
model in rekening worden gebracht, maar dat de puzzel die LMR is, nog 
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De metingen van J.van Haaren aan aluminium Corbinoschijven met radiele 
groef of verdikking tonen aan dat de suggestie van А.С.Beer, namelijk 
dat afwijkingen van een kwadratische afhankelijkheid van de 
Corbinoweerstand van InSb ten opzichte van de sterkte van het aangelegde 
magneetveld hoogstwaarschijnlijk niet veroorzaakt kunnen worden door 
inhomogeniteiten, onjuist is. 
J.van Haaren, to be published. 
А.С.Beer, J.Appl.Phys. 332 , 2107 (1961 ). 
II 
Bij niet-evenwichts processen in supergeleiders spelen de zogenaamde 
recombinatie-fononen een grotere rol dan tot dusverre werd aangenomen. 
J.van Bentum, doctoral thesis. 
III 
De ontdekking van stoornissen in de stofwisseling van adenosine mono 
fosfaat wijzen erop dat binnen de etiologie van het infantile autistic 
syndrome somatische factoren een rol spelen. 
J.Jaken, G.van den Berghe, Lancet 2 , 1058-1061 (ΐ9θ). 
IV 
De theorema's van Godei zijn ook geldig voor een kerncentrale met de 
bijbehorende regel- en veiligheidssystemen. 
V 
Uit de voorgaande stelling volgt dat het principieel onmogelijk is om 
een absoluut veilige kerncentrale te bouwen. 
VI 
Het meten van de cyclotronresonantie van de twee gehybridiseerde 
polarontakken in GaAs is bij voorkeur uit te voeren bij constante 
frekwentie en variërend magneetveld; in het omgekeerde geval kan de 
frekwentie-afhankelijke transmissie van het kristalrooster een 
misleidend beeld geven. 
H.Sigg, doctoral thesis. 
VII 
De promovendus in wiens oren, tijdens een winterse wandeling vlak voor 
het ter perse gaan van zijn proefschrift, als onomatopee voor het 
geknarp van zijn voetstappen in de pasgevallen sneeuw 'Krips, Krips, 
Krips' weerklinkt, is langzamerhand onder de druk aan het bezwijken. 


